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Abstract. We discuss the stability of a class of normal forms of the com- 
pletely resonant non-linear Schrodinger equation on a torus described in 1 1 21 . 
The discussion is essentially combinatorial and algebraic in nature. 
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1. Introduction 

In this paper we study the completely resonant cubic Nonlinear Schrodinger 
equation (NLS): 

(1) hit ~ = \u\ 2 u 

on the n dimensional torus T". More precisely we analize the quadratic Normal 
form Hamiltonian, introduced in [12], of the NLS equation Q, with the purpose 
of proving non-degeneracy and stability results for its dynamics. Our dynamical 
results are summarized in Propositions |1.2| and |1.3| which in turn follow from 
our main Theorem [I] . This theorem, whose lenghtly proof occupies most of the 
paper, is of algebraic, combinatorial and geometric nature, and can in principle be 
formulated with no previous knowledge of the NLS. In the first ten pages we recall, 
for convenience of the reader, the results on the NLS normal form proved in |12j . 
and we show how to deduce our dynamical results from Theorem [T] Let us briefly- 
and somewhat naively - recall the theory of Poincare-Birkhoff Normal Form. The 
Birkhoff normal form reduction was developed in order to study the long-time 
behaviour of the solutions of a dynamical system close to an equilibrium and 
represents a non-linear analog to the canonical form for matrices. For a classical 
introduction see [T], [5], [TU], [5]; for the application to PDEs see for instance [I]. 

At a purely formal level, consider a non-linear Hamitonian dynamical system 
with an elliptic fixed point: 

H(p, q) = J2 X M + 9j) + H >2 (p, q) , Xj € K 

here the index set / is finite or possibly denumberable while H >2 (p,q) is some 
polynomial with minimal degree > 2. By definition the normal form reduction at 
order N is a symplectic change of variables ll/jv which reduces H to its resonant 
terms: 

H(p, q)o^ N = ^2 XjiP* + Qj) + H> 2 es {p, q) + H N (p, q) 
3 

where H^ 2 s Poisson commutes with J^ . \j(p 2 + q 2 ) while H N (p,q) is a formal 
power series of minimal degree > N + 1. 

There are two classes of problems in this scheme: 

(i) Even though H N is of minimal order N + 1 its norm may diverge as N — s- oo, 
due to the presence of small divisors. 

(ii) If / is an infinite set it is not trivial, even when N = 1, to show that ^jv is 
an analytic change of variables. 

Note that if the are rationally independent then the normal form Hsirk — 
J2j ^j(p 2 + Qj) + Hft 2 s (p 7 q) is integrable, a feature which is used in proving for 
instance long time stability results. 

If the Xj are resonant then H^irh may not be integrable but it is possible that 
its dynamics is simpler than the one of the original Hamiltonian. 
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In particular in many examples, including the NLS, one can see that Hsirk has 
invariant tori of the form 

(2) V 2 i+fi = tLi, ieSd; Pj = gj =0, jeS c :=I\S 

on which the dynamics is of the form ip — ¥ ip + with a diffeomorphism. 

One wishes to obtain information on solutions of the complete Hamiltonian 
close to these tori. As is well known in order to obtain results one needs to study 
the Hamilton equations of H linearized at this family of invariant tori. That is 
one needs to study the dynamics induced on the normal bundle to these tori. This 
is described by a family of linear operators (between normal spaces) parametrized 
by the family and the points on the tori. 

In terms of equations this is described by a quadratic Hamiltonian with coeffi- 
cients depending on the parameters £ and on the angle variables of the tori. The 
matrix obtained by linearizing HBirk at the solutions ^ is referred to as the nor- 
mal form matrix (or normal form). One of the main results of |12j exhibits, for the 
NLS and for generic choices of S 1 , a symplectic change of variables which removes 
the dependence from the angles, this decouples the dynamics into the one on the 
tori and one on the normal space. Moreover in our infinite dimensional case the 
matrices of the normal form are block diagonal with blocks uniformly bounded. 
Thus one has a reduction to an infinite list of decoupled linear equations (depend- 
ing on the parameters £). 

In order to perform perturbation theory algorithms, to obtain informations on 
the solutions of H , one generally uses non- degeneracy conditions. One of the 
strongest requirements is that the matrix of the normal form has non-zero and 
distinct eigenvalues. This property is an instance of structural stability. In this 
paper we prove that this condition is satisfied for the normal forms of the NLS 
previously introduced provided the parameters £ are taken outside a countable 
union of real hypersurfaces. 



1.1. Structural Stability. Structural stability, for an orbit of a dynamical 
system or a solution of a differential equation is a basic, and delicate, question 
both for theoretical and practical reasons. It essentially means that the qualitative 
behavior of the trajectories, close to the given solutions, is unaffected by small 
perturbations both of the initial data and of the system itself. 

In the simplest case of the class of linear differential equation x = Ax, where A 
is a real nx n matrix, the nature of the orbits depends upon the Jordan canonical 
form of A. In particular the discriminant of A is an hypersurface (in the space of 
all matrices) which contains all special normal forms; its complement is the set of 
matrices with distinct eigenvalues which decomposes into connected components. 
On each such component the number of real eigenvalues is constant, thus these 
regions are the regions of structural stability. Of course if the matrix A is subject 
to some restrictions (as being symmetric, symplectic etc.) the normal forms are 
further constrained [2]. 

1.1.1. Stability for the NLS. The normal form of the NLS is described by an infinite 
dimensional Hamiltonian which determines a linear operator ad(N) , depending on 
a finite number of parameters (the actions of certain excit ed freq uencies), and 



acting on a certain infinite dimensional vector space i^ ' 1 ) (see|2.6.l|) of functions. 
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Stability for this infinite dimensional operator will be interpreted in the same 
way as it appears for finite dimensional linear systems, that is the property that 
the linear operator is semisimple with distinct eigenvalues. 

This will be shown to be true outside a zero measure set of parameters, further 
on a smaller set of positive measure we shall show that the dynamic is elliptic. This 
condition in a more precise quantitative form (which will be discussed elsewhere) 
in the Theory of dynamical systems is referred to as the second Melnikov condition. 
We shall apply this in [TT] in order to prove, by a KAM algorithm, the existence 
and stability of quasi-periodic solutions for the NLS (not just the normal form). 

The fact that this non-degeneracy condition makes at all sense depends on the 
fact that the normal form matrix decomposes into an infinite direct sum of finite 
dimensional blocks. Furthermore, these finite dimensional blocks are described 
by translating, with suitable scalars, a finite number of combinatorially defined 
matrices, constructed from certain combinatorial objects called marked colored 



graphs (cf. Definition 2.8 and Remark 2.10). Thus the matrices appearing as 



blocks of the normal form matrix can be combinatorially classified and, in principle, 
computed. Indeed given a specific graph computing the associated matrix block 
is quite simple, so that the question is essentially that of classifying the possible 
graphs which describe blocks of the normal form. 

The characteristic polynomials det(t — ad(N)p) of the normal form operator 
ad(N) restricted to the infinitely many blocks T are all polynomials in the vari- 
ables & and t with integer coefficients. The issue is thus to prove that a rather 
complicated infinite list of polynomials in a variable i, of degree increasing with 
the space dimension, and with coefficients polynomials in the parameters £j have 
distinct roots for generic values of the parameters. 

In general, in order to prove that a single polynomial has distinct roots, one 
has to prove the non-vanishing of its discriminant, for two polynomials to have 
different roots the condition is the non-vanishing of the resultant. In our case we 
can consider all the characteristic polynomials as having coefficients in the field of 
rational functions in the parameters £j, its algebraic closure is a field of algebraic 
functions. Thus if the discriminant D(£) of a given polynomial and the resultant 
R{£) of two distinct polynomials in Q(£i, . . . , £ m )[£] are non-zero as polynomials 
in the £ we have that outside the real hypersurfaces i2(£) = 0, D(£) = the two 
polynomials have distinct roots. Although both the discriminant and the resultant 
can be computed by explicit formulas a proof of their non-vanishing for the infinite 
list of complicated polynomials appearing seems to be a hopeless task. 

We thus followed a different approach. Remark that, if we have a list of different 
polynomials in one variable t, with coefficients in a field F of characteristic 0, a 
sufficient condition that all their roots (in the algebraic closure F of F) be distinct 
is that they are all irreducible (over F) and distinct. This follows immediately from 
the fact that an irreducible polynomial f(t) is uniquely determined as the minimal 
polynomial of each of its roots (cf. [3]) and, in characteristic 0, its derivative fit) 
is non-zero. By the irreducibility of f(t) the greatest common divisor between 
f(t), f'(t) is I so all the roots of f(t) are distinct. 

Therefore by a rather complex induction (setting some variables £j equal to 
zero) we prove: 

Theorem 1 (Separation and Irreducibility Theorem). The characteristic poly- 
nomials of the possible graphs giving blocks of the normal form of the NLS are 
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all distinct, and irreducible as polynomials with integer coefficients, that is in 
Z[6,---,em,i]cQ(£i,...,£ TO )[t]. 

In general proving that a polynomial in several variables is irreducible is not 
an easy task, few general methods are available and none of these seems to apply 
to our case. For a given polynomial with integer coefficients there exist reason- 
able computer algebra algorithms to test irreducibility but this is not a practical 
method in our case where the polynomials are infinite and their degrees also tend 
to infinity. Fortunately the combinatorics comes to our help as follows. We start 
from one of the matrices describing the Hamiltonian for a block associated to a 
given graph T. If we set one of the parameters ^ = it is easy to verify that 
the matrix specializes to a direct sum of smaller blocks of the same type for less 



parameters (cf. Corollary 8.3 1. This remark gives a powerful tool for induction. 
The characteristic polynomial specializes to the product of the characteristic poly- 
nomials of the blocks and, by induction, we may assume that these factors are 
irreducible. We thus obtain a factorization for the specialized polynomial. 

We repeat the argument with a different variable obtaining a different special- 
ization and a different factorization. It is possible that these two factorizations 
cannot arise from the same factorization of the given polynomial. If this happens 
we are sure that the polynomial we started with is irreducible. This is the method 
we follow in order to prove Theorem [TJ and it is the content of Part 2. 

Unfortunately this still requires a rather tedious and lengthy case analysis and 
a reduction to some basic cases which we treat by computer algebra algorithms. 



The fact that the polynomials are distinct (cf. lemma 9.2) is based by induction 



on the irreducibility theorem and it is relatively easy to prove. 

There is another delicate point in this proof, in order for the induction to work 
we need to have a complete control on the graphs that may appear, which is not 
proved in [T3] and which we do not know for q > 1. We need to know that the 
possible graphs satisfy a geometric non-degeneracy or non resonance restriction, 
given by Proposition [272} Precisely one of the presentations of our graphs is by de- 
scribing the vertices as integral vectors (in Z m ), then the non degeneracy condition 
is that these vectors are affinely independent. The possible graphs are obtained 
by associating to the combinatorial graphs a system of d linear and quadratic 
equations, in n variables, which depend on the tangential sites in a quadratic way, 
where d + 1 is the number of vertices. The graph is thus admissible if and only 
if these equations have solutions in Z™ \ S, this arithmetic analysis is too difficult 
to perform and we study wether they have solutions in M. n \ S. The idea is that if 
these equations are independent then they can be at most n. In fact for a geomet- 
rically non degenerate graph the condition of independence is fulfilled when d < n, 
the case d > n has been treated completely by methods of algebraic geometry in 
[12j . in the same paper we proved only a partial result on degenerate graphs. Here, 
by restricting to the case q = 1, we are able to show that, for generic choices of 
S, a resonant graph gives a system which has no solutions in E" \ S. Note that 
a resonance, namely a relation between the vertices of the graph, implies a linear 
relation among the linear terms of the system of equations. Such a relation may 
correspond either to a relation on the equations or an incompatibility condition 
for the system. So first we reduce to minimal cases (only one resonance) , and then 
we study those graphs for which the equations are generically compatible. This 
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produces two cases, either the system has only solutions in S or only in C" \ R ra , 
this concludes the proof. 

The strategy follows these steps: First we reduce to the case of trees and de- 
scribe the resonance in terms of edges (instead of vertices). Next we analyze in 
a combinatorial way all the possible minimal resonances (in this analysis the hy- 
pothesis q = 1 is essential) . Then we prove that we can essentially reduce to those 
trees in which all the edges contribute to the resonance. Finally we show that 
such trees have at most two trivalent vertices (that is a vertex from which 3 edges 
originate), the other vertices have valency 1,2. At this point one can deduce from 
the system a simple equation which has only solutions in S or only in C" \ K n by 
inspection. 



The proof of Proposition 2.2 is the content of Part 1, the proof we found is 



rather complex and takes a good 20 pages of detailed combinatorial analysis. 

1.1.2. Dynamical consequences. From the fact that the characteristic polynomials 
of the matrix blocks are described through finitely many graphs we shall be able 
to show the existence of a discriminant variety also in the infinite dimensional 
setting and show: 

Corollary 1.2. There exists an algebraic hypersurface A, in the space K m of the 
parameters and a finite number of algebraic functions #i(£) homogeneous of 
degree 1 on the region K m \ A, so that the eigenvalues of Q := — ^iad(N) on F 0,1 
are of the form n + Oj(^) + a(£), a(£) = J2j n j€j> n j e J2j n j — ~ 1) n E N. 
In particular the eigenvalues are all distinct and non-zero outside the countable 
union of hypersurfaces 0j(£) — $j(£) — 7^ for all i =/= j and a(£). 

Proof. We know that F 0,1 decomposes into the direct sum of infinitely many blocks 
corresponding to the connected components of the graph Ag defined in |2. 12| 

From Theorem [T] we have that the characteristic polynomials of the matrices 
ad(N) in the various blocks are irreducible and distinct. In our case we have 
seen that, for two distinct blocks, this produces a non zero polynomial whose 
non vanishing is equivalent to the condition that the two blocks have distinct 
eigenvalues. In principle this gives countably many hypersurfaces. Since we know 
that our infinite list of matrices is obtained from a finite list by adding a scalar 
matrix of the form (n + J^. n^i)I we obtain a finite number of distinct algebraic 
function 0j(£), outside an algebraic hypersurface A, which are the eigenvalues of 
all the combinatorial blocks. The condition is — 0j(£) — a(£) ^ for all i 7^ j 
and a(£) = £\ rij^j, n g Z, V , =0. □ 

In |llj we shall refine this Theorem by exhibiting a region of positive measure 
where the eigenvalues are explicitly bounded away from 0. 

By construction of the matrix Q, real eigenvalues of Q correspond to imaginary 
eigenvalues of ad(N) . We have seen that outside a real hypersurface the eigenvalues 
of all the combinatorial blocks are distinct. Thus outside this hypersurface the cone 
of the £i decomposes into open regions where the number of real roots is constant. 



We can furthermore show (see S 2.14.1 Ithat 



Proposition 1.3. The open region where all the eigenvalues of Q are real is non 
empty. 
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As a consequence of Proposition 1 1 . 2| one easily sees that one can perform a sym- 
plectic coordinate change so that the Hamiltonian is in diagonal canonical form, 
that is we have an infinite sum &k\zk\ 2 corresponding to the real eigenvalues, 
plus a (possibly empty, depending on the connected region of Og \ A where Os is 
a small hypercube) , finite sum of hyperbolic terms corresponding to the complex 
eigenvalues. Then Proposition |1.3| ensures that on an open region of parameters 
the Hamiltonian is diagonal and elliptic. 

Remark 1.4. No knowledge of the NLS is necessary in order to understand the 
Theorems of this paper which may be formulated as purely geometric questions. 

Remark 1.5. We should remark that only finitely many of the infinite blocks are 
not self adjoint matrices. If one restricts the analysis to the self adjoint blocks the 
proofs simplify drastically, in particular this is true for the first part which admits 
a far reaching generalization (cf. Theorem [3]). 

Remark 1.6. The restriction to q = 1 plays a major role in both parts of the paper. 
However for any q and dimension n = 1 all the results of this paper have been 
proved in the Ph. D. Thesis of Nguyen Bich Van. 

Remark 1.7. In general (q > l,n > 1) although we do not know that the eigen- 
values are distinct we can use a Fitting decomposition with blocks corresponding 
to distinct eigenvalues. It turns out that these blocks are uniformly bounded for 
generic S. 



Remark 1.8. In Proposition 1.3 we have pointed out the existence of an elliptic 
region. It is easy to exhibit large regions where there are complex eigenvalues, 
which however can be at most a finite number bounded by a function of n, m. 



2. Preliminaries 

We start by presenting an elementary geometric problem which originates from 
the NLS but can be explained and treated in a completely independent way. Then 
we briefly describe the NLS normal form and show the origin and importance of 
the geometric problem in this context. 

2.1. An elementary geometric problem. Given a point p in a sphere in Eu- 
clidean space M™ we can consider its antipode or mirror point p' . A similar con- 
struction holds in the case of two parallel hyperplanes H\,Hz. Given a point p 
in one of them, say for instance Hi , we can construct a mirror point p' £ H 2 by 
drawing the line r perpendicular to Hi through p and taking as p' the point of 
intersection between r and H 2 . If we have several spheres Si, . . . , S a and pairs of 
parallel hyperplanes (Hi , H\ ), . . . , (H\, H 2 ) we have, for a point in the intersection 
of h such hypersurfaccs, h mirror points. Each of them in turn could have several 
mirror points. The combinatorics resulting is encoded by a 2-colored graph, hav- 
ing as vertices the points of E™ and two types of edges; the edges colored black 
represent mirror pairs in parallel hyperplanes while edges colored red represent 
antipode points in one of the spheres. The edges are understood as purely com- 
binatorial and not as segments of K™. The combinatorics of this graph can be 
extremely complicated and reflects partially the complex relative positions of all 
the given hypersurfaces. 
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In our case a configuration of previous type is associated to a set S (the tangen- 
tial sites) as follows: given two distinct elements Vi,Vj € S construct the sphere 
Sij having the two vectors as opposite points of a diameter and the two Hyper- 
planes, Hi j, Hj t i, passing through Vi and Vj respectively, and perpendicular to 
the line though the two vectors Vi , Vj . 

From this configuration of spheres and pairs of parallel hyperplanes we deduce, 
by the previous rules, a combinatorial colored graph, denoted by Tg, with vertices 
the points in R n and two types of edges, which we call black and red. 

• A black edge connects two points p € Hi j, q G ifj.i, such that the line p, q 
is orthogonal to the two hyperplanes, or in other words q = p + Vj — v%. 

• A red edge connects two points p,q € Sij which are opposite points of a 
diameter (p + q = Vi + vj). 

The Problem The problem consists in the study of the connected components 
of this graph. Of course the nature of the graph depends upon the choice of S but 
one expects a relatively simple behavior for S generic. 

It is immediate by the definitions that the points in S are all pairwise connected 
by black and red edges and it is not hard to see that, for generic values of S, the 
set S is itself a connected component which we call the special component. 

What we expect to have, as explained in §3.2| and proved in Part 1, is: 

Proposition 2.2. For generic choices of S the connected components of this 
graph, different from the special component, are formed by affinely independent 
points. 

In particular each component has at most n + 1 points. 

In the next paragraph we explain how this problem arises in the NLS. The NLS 
considered in djj depend upon an integer parameter q but here we concentrate 
in the simplest case when q = 1, which is connected to the previous geometric 
problem, and we have the cubic NLS the remaining cases are essentially open. 

2.3. Some background. The cubic NLS on a torus is a Hamiltonian system, 
the symplectic variables are the Fourier coefficients of the functions u(ip) := 
Sfcez™ Uke 1 ^'^ , the symplectic structure is iX)fcez™^ w fc ^ duk and the Hamil- 
tonian is 

(3) H := ^ \k\ 2 u k u k ± ^ u kl u k2 u k3 Uk 4 - 

We shall choose the sign + for simplicity of notations. We perform a step of 
"Resonant Birkhoff normal form". Denote by K := J2kez n |k| 2 u/cMfc- A monomial 

Ili u V^k- m tne u k,u k is an eigenvector for {K, — } of eigenvalue J2i( a i ~ Pi)\h\ 2 
and such a step is a symplectic change of variables under which we cancel all or 
some of the quartic terms which do not Poisson commute with K, to the cost 
of introducing higher order terms which are then treated as a perturbation. The 
condition of commuting with K is X]i=i(~l) l |^i| 2 = 0- Dropping the perturbation 
one has a restricted model. 

(4) H := \k\ 2 u k u k + ]T 

fcSZ™ fcie«™:Ef =1 (-i) i fei=o > 
Ef =1 (-D l |fcil 2 =o 
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Note that the two conditions Yli=i{~ ^Yh = 0; J2i=i(~^Y\ki\ 2 = have a geo- 
metric interpretation, that is the four points ki,k 2 ,k 3 ,k4 are the vertices of a 
rectangle. 

As it is well known (cf. Keel-Tao [5] and Grebert-Thomann [7]) this restricted 
model admits infinitely many invariant subspaces defined by requiring u k = for 
all k ^ S where S — {ui,...,u m }, tangential sites, is some (arbitrarily large) 
subset of Z™ satisfying a completeness condition (cf. |12j . 2.1.1). The dynamics on 
these subspaces depends in a subtle way on the geometric properties of S and, for 
generic choices of S the behavior is intcgrable (cf. [T2], Proposition 1). In order to 
understand how to pass from solutions of the restricted model to true solutions of 
the NLS one has to have some structural stability result that is, as we explained 
before, control of the dynamics on the normal bundle to the family of invariant 
tori in the given invariant subspace. In coordinates we set 
(5) 

u k := z k for k e S c , u Vi := \/& + Vi^ Xi = V&i 1 + ttf + ■ ■ -K** for i = 1, ... to, 

considering the £j > as parameters, with \yi\ < £j, while y,x,w := (z,z) are 
dynamical variables. In these variables the Hamiltonian can be decomposed as 

H o $ £ = ( w (0, y) + Y l fc l 2 l z fel 2 + Q ^ x ' w ) + P ^ V,x,w) = N + P. 

Where N := y) + X)fc 6 S c l fc | 2 | z fc| 2 + Q(£, X, w), with Q(£,x,tu) quadratic, is 

the normal form and P the perturbation. 

We use systematically the fact that this Hamiltonian commutes with momentum 
M and mass L: 

(6) M = 2&«i + X)f«i+ ^ fc|^| 2 , i = ^^ + ^2/ t + J! Nfel 2 , 

We have, after some renormalizing, Wj(£) := |i>i| 2 — 2^. Finally the quadratic 
form is 

* 

(7) Q(£,x,w)=A Y, \Mj eKxi ~ Xj)z h*k+ 

h,k£S c 

+2 E V^e- i ^* +a '^^ fc + 2 Y VM~je i{x ' +x ^z h z k . 

l<i<j<m. l<i<j<m. 
h,k€S° h,k£S c 

Here denotes that (h,k,Vi,Vj) satisfy: 

{(h,k, Vl , Vj )\h + v t =k + vj, \h\ 2 + \ Vi \ 2 = \k\ 2 + \ Vj \ 2 }. 
and that (h,Vi, k,Vj) satisfy: 

{(h,Vi,k,Vj)\h + k = Vi+Vj, \h\ 2 + \k\ 2 = \ Vi \ 2 + \v 3 \ 2 }. 

Notice that in the sums J^** each term appears twice. These constraints describe 
exactly the two types of rectangles in which two vertices lie in S and the others 
in S c , thus these last two vertices are joined, by definition, by a black edge in the 
first case (in which they are vertices of a side of the rectangle) and a red in the 
second (in which they are opposite vertices of the rectangle) . Note that the edges 
correspond to interacting sites. 
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We have described a very complicated infinite dimensional quadratic Hamilton- 
ian which we wish to decompose into infinitely many decoupled finite dimensional 
blocks, corresponding to the components of the geometric graph T$ defined in the 
previous paragraph. In [12] we show that this is possible and we also proved the 
existence of a symplectic change of variables which makes the angles disappear. 

2.4. The operator ad(N). 

Definition 2.5. Denote by Z m := {X^=i a i e i, a % € ^} the lattice with basis the 
elements e^. 

Consider the mass rj and the momentum n (the name comes from dynamical 
considerations) : 

rj : IT -> Z, rife) := 1, tt : Z m -> Z", ir s = tt : e 4 k> u,. 

At this point it is useful to formalize the idea of energy transfer in a combina- 
torial way. Let S 2 [1* m ] := {Y2ij=i a i,j e i e j}> a i-j € ^ be the polynomials of degree 
2 in the ei with integer coefficients. We extend the map tt and introduce a linear 
map from Z m to 5 2 (Z m ) denoted a i-> a^ 2 ) as: 

(8) 7r(e0 = w is Trfee,-) := * (2) : Z m -> S 2 (Z m ), e 4 ^ e 2 . 
We have tt(AB) = (tt(A), tt(S)), VA, B e Z m . 

Remark 2.6. Notice that we have a^ 2 - 1 = a 2 if and only if a equals or one of the 
variables ej. 

2.6.1. The space F ' 1 . We start from the space V ' 1 of functions with basis the 
elements 

e 3 3 2^, e ^ 3 3 3 Zk, k € o . 

In this space the conditions of commuting with momentum, resp. with mass 
select the elements, called frequency basis 

(9) F B = e^i v ' x 'z k , e-'^^Zk; k e S c 

VjVj + k = tt{v) + k = 0, resp. \_. v i + 1 = 0- 

Denote by -F ' 1 the subspace of V ' 1 commuting with momentum and massQ 

An element of Fb is completely determined by the value of v and the fact that 
the z variable may or may not be conjugated. By construction v S Z™ where 

(10) z™ := {/i e z m l - tt(/x) e s c } . 



Denote by C Z m the kernel of tts : i— > vi then, by Formula (10), we have 
Z™ = Z" 1 \ U,; -ei + e. 

Now ad{N) acts on F 0,1 , its matrix representation, in the frequency basis, 
decomposes into infinitely many finite dimensional blocks described by matrices 
with coefficients quadratic polynomials in the variables O ne easily sees that 
in the characteristic polynomial of each one of these matrices the square roots 



disappear (Lemma 2.14) 



Hhis convention is different from 1 121 where we only impose commutation with momentum 
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2.7. The Cayley graphs. We recall how we have found useful to cast some of 
the description of the operator ad(N) into the language of group theory and in 
particular of the Cayley graph (cf. 9J). In fact to a matrix G = (c-i.j) we can 
always associate a graph, with vertices the indices of the matrix, and an edge 
between i,j if and only if Cij ^ 0. For the matrix of ad(N) in the frequency basis 
the relevant graph comes from a special Cayley graph. 

Let G be a group and A = A -1 C G a subset. 

Definition 2.8. An A -marked graph is an oriented graph T such that each ori- 
ented edge is marked with an element 

a — ^-5-6 a — b 

We mark the same edge, with opposite orientation, with x~ x . Notice that if x 2 = 1 
we may drop the orientation of the edge. 

A typical way to construct an A-marked graph is the following. Consider an 
action G x A — > A of G on a set A, we then define. 

Definition 2.9 (Cayley graph). The graph Ax has as vertices the elements of 

A and, given a, b G A we join them by an oriented edge a — ^—>- b , marked x, if 
b = xa, x G X . 

In our setting the relevant group is the group of transformations of 7L m generated 
by translations a : x i— > x + a and sign change 1:14 —x. Thus G := Z m xZ/(2) 
is the semidirect product, and r := (0,-1), G = Z m UZ™x and the product rule 
is (jt = -™, Va G Z m (notice that this implies (or) 2 = (0,1)). We think of 
an element a — e 1 ^ UjXj as being associated to the group element which, by 
abuse of notation, we still denote by a = J^j v j e j G 27™- Then a — e -1 ^ " jXj Zk is 
associated to the group element ar = (J^j v j e j) T € Z7"r. 

Thus the frequency basis is indexed by elements of G 1 + 9, (— + 0)r} 

where 

G 1 :={a,aT, a G Z m 1 77(a) = -1}. 

We now consider the Cayley graph Gx of G with respect to the elements 

X° := {e l - ej, j e[l,.. . ,m]}, X~ 2 := {(-e, - e^r, i ^ j € [1, . . .,m]}. 

If j? G Z it is easily seen that the set G p := {a, 77(a) = 0, ar 1 77(a) = p} form a 
subgroup. In particular 

Remark 2.10. G_2 is generated by the elements A := A U A~ 2 , its right cosets 
are the connected components of the Cayley graph. 

In the action of G_2 on Z m the orbit of is identified to G_2 and it is formed 
by the elements a G Z m \ 77(a) G {0, —2}. We can thus identify the Cayley graph 
on G_2 with the corresponding graph on this set of elements. 

We distinguish the edges by color, as A to be black and A~ 2 red, hence the 
Cayley graph is accordingly colored; by convention we represent red edges with an 

unoriented double line: g = (— ej — ej)r, a 9 ga (recall that g = g^ 1 )- 

The set G 1 is also a right coset of G_ 2 and thus it is also a connected component 
of the Cayley graph Gx- 
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2.10.1. The matrix structure of ad(N) := 2iQ. This is encoded in part by the 
Cayley graph Gx of G with respect to the elements X := {e 4 — e,-, (— e, — ej)r}. 
Given a = ajej, <r = ±1 set for u = (a, a) 

(11) C((o,<r)) := f (a 2 W 2 >) = a^) 2 + £ a.e 2 ), 

K((a,a)) :=n(C(u)) = |(| ]T a.^| 2 + £ a.hf). 

Sometimes we call K(u) the quadratic energy of it, notice that C{u) has integer 

coefficients. In particular if a G Z™ we have K(ar) = —K(a) and we set for 
a, b G Z™ 

(12) Qo.q = -K"(o) - Qar.ar = -K"(ot) + dj£j 

3 3 

(13) 

Qar,br = — 2-\/si^7, Qa.b = if a, 6 are connected by an edge ej — 
(14) 

Qa.br = — 2y^j, Q aTj 6 = if a, br are connected by an edge (— ej)r 

We have shown in [12 that the blocks Q on F 0,1 come into pairs of conju- 
gate Lagrangian blocks T, Ft. With respect to the frequency basis the blocks are 
described as the connected components of a graph A5 which we now describe. 

Definition 2.11. Given an edge u — ^—^ v , u — (a, a), v — (b, p) = xu, x G X q , 
we say that the edge is compatible with S or tt if K{u) = K(v). 

Remark now that, if g G G we have C{g) — if and only if g = —e%, —eiT. We 
call the elements {— e^,— e^r} the special component. 

Definition 2.12. The graph Ag is the subgraph of Gx inside G 1 \ Ui{~ e i + 
0, (— ej + Q)t} in which we only keep the compatible edges. 

Observe that the graph A5 is invariant under translations by O. We then have 

Theorem 2. The indecomposable blocks of the matrix Q in the frequency basis 
correspond to the connected components of the graph Ag . 



In a block the entries of Q are given by (12), (13), ( 14 1 . 



The fact that in the graph A5 we keep only compatible edges implies in par- 
ticular that the scalar part K((a,a)) (which is an integer) is constant on each 
block. On the other hand, in general, there are infinitely many blocks with the 
same scalar part. It will be convenient to ignore the scalar term diag(K((a,a))), 
given a compatible connected component A we hence define the matrix C 'a — 
Qa - diag(K((a,a))). 

One of the main ingredients of our work is to understand the possible connected 
components T of the graphs A5 for S generic (but not necessarily fixed), we do 
this by choosing a vertex u G V which we call the root and analyzing such a 
component as a translation V = Au where A is now a complete subgraph of the 
Cayley graph contained in G_2 and containing the element (0, +) = 0. If u G Z m 
the matrix Cau is obtained from Ca by adding the scalar matrix — = — (it, £) 
while Cat — —Ca- 
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Example 2.13. Consider the following complete subgraph containing (0, +). 



A = {-ex - e 2 , -) (0, ■ 

A translation by an element (u, +) is hence 



' (ei - e 2 , +) 



if \ / (T ei_ e2 ) T / S 61—^2/ \ 

A \ u , +) = (~ei - e 2 - u, -) = (u, +) (ei - e 2 + u, +) 



so we get that the matrices associated to these graphs are: 
C A = -2 % /66 



V o 27^6 ^ -a/ 
/-a -e a -«(o o \ 



Ca u — 



V 







MO 



2V66 



2V66 6 -a -«(£)/ 



In particular we have shown (cf. [12] . §9) that A can be chosen among a finite 
number of graphs which we call combinatorial. Note that we do not impose the 
compatibility constraint on A but only on its translations. It is convenient, in 
drawing the graphs to drop the labels on the edges since they can be deduced 
from the vertices. In a combinatorial graph the color of a vertex is black if its 
mass is and red if it is —2. Then in the vertices we drop the sign ±, since 
this information can be deduced from the mass or from the parity (number of 
red edges) of the path connecting the vertex with the root. So the graph of the 
previous example will be denoted by: 



A = —e\ - e 2 







d - e 2 



Note that in all the combinatorial graphs the root is by convention set to 0. 
Let us show that: 

Lemma 2.14. The characteristic polynomial of a matrix Ca is in Z[£i, . . . ,£ m ,t] 
(the square roots disappear). 

Proof. By definition the determinant of an n x n matrix with entries ctfj is 
the sum with sign, over all permutations a of the n indices, of the products 
&i,<r(i) • ■ • a n,a{n)- It i s convenient to rearrange this product using the cycle struc- 
ture of <T, each cycle . . . , ik) determines a factor ai u i 2 . . . . Let us show 
that in each of these factors the square roots disappear. In fact, if the cycle is 
reduced to a single element it corresponds to a diagonal entry, which has no roots. 
Otherwise it corresponds to a sequence of edges forming a closed path. Then, by 
the definitions and compatibility, one sees that each index appearing in the edges 
appears an even number of times in such a closed path, hence the claim follows 
from the formula ±2-v/£j£j of the entry corresponding to each edge. 



□ 
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2.14.1. Proof of Proposition \1.S\ We are ready to prove Proposition |1.3| 

Proof. We proceed by induction on the number m of the parameters, for m = 1 
the statement is trivial, so assume the statement is true for m — 1 parameters. 
Let r be one of the combinatorial graphs, A(T) the corresponding matrix and 
(oi, . . . , etfc) the vertices of T. 

Let A be the matrix obtained from A(T) by setting £ m = 0. We claim that this 
matrix is the one associated to the not necessarily connected colored graph T in 
7ji — 1 coordinates obtained by dropping the last coordinate in all the vertices <Zi, 
this is just a consequence of the definitions (see [2.4). 

The first thing to be verified is that the vertices of T are all distinct (as colored 
vertices). In fact given a vertex a G Z m let a E Z m_1 be the vertex obtained by 
dropping the last coordinate a m . We can reconstruct a from a and its color using 
the mass since 77(a) = 77(a) + a m . 

Now we claim that the graphs appearing give characteristic polynomials which 
are distinct, for this we apply Proposition |9.2| If we had two connected components 
of r giving the same characteristic polynomial we should have two elements a black 
and b red so that b = ra = —ar red. We have a — a — r)(a)e m while ra = —ar 
comes from b = (—a + (77(a) — 2)e m )r = (—a — 2e m )r. Thus in the graph L we 
cannot have these two vertices, since the presence of two vertices b + a = —2e m 



implies that the graph is not allowable by Definition 3.13 



Now we apply the fact that we know that all the blocks appearing in A(T) are 
distinct and depend on to — 1 variables, furthermore two different blocks have dif- 
ferent characteristic polynomials by the previous remark and Lemma [9.2| From the 
hypotheses made there is an open region B m -\ in the complement of the discrimi- 
nant variety for m — 1 variables where for each of the finitely many combinatorial 
blocks all the eigenvalues are distinct and real. 

Now this condition is stable so that for ^4(r) there is a non empty open region 
complement of the discriminant variety for A(T) where all the eigenvalues are dis- 
tinct and real containing Z? m _i, since we have finitely many combinatorial graphs 
F we find an open component of the complement of the discriminant variety for all 
graphs r, containing £> m _i, where all the eigenvalues are real. We further remove 
the resultants and have that they are also all distinct. 

□ 
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Part 1. Sphere and hyperplanes problem 

In order to understand the possible components of the graph A 5 we relate it to 
the geometric graph Tg. 

3. The geometric problem 

The condition for two points p, q to be the vertices of an edge is given by alge- 
braic equations. Visibly p € Hij means that (p—Vi, Vi — Vj) — 0, the corresponding 
q = p + v.j — Vi, while p £ Si.j is given by (p — Vi,p—Vj) — and the corresponding 
opposite point q is given by p + q = Vi + Vj . 

We thus have two types of constraints describing when two points are joined 
by an edge, a linear q — p = Vj — or p + q — Vi + vj and a quadratic constraint 
(p — Vi,vi — Vj) = or (p — Vi,p — Vj) = 0. The fact that a point x belongs to 
a component described by the combinatorial graph is thus expressed by a list of 
linear and quadratic equations for x deduced by eliminating all the other vertices 
using the linear constraints. 

We describe the linear constraints again through a Cayley graph. The group G 
also as linear operators on M. n by setting 

(15) ak := -7r(a) + k, keR n , a e Z m , rk = -k 

We then have that 

Remark 3.1. X defines also a Cayley graph on W 1 and in fact the graph T$ is a 
subgraph of this graph. 

3.2. Equations for the root. From the very construction of the graph it is 
convenient to mark the edges by Vj — Vi in the first case and Vj + Vi in the second 
(notice the sign change due to Formula ^). In fact we use a more combinatorial 
way of marking which is illustrated in the next example. It is then clear that each 
connected component of this graph has a combinatorial description which encodes 
the information on the various types of edges which connect the vertices of the 
component. 

The connection with the graph Ag comes from the fact that these equations are 
exactly the ones which define compatible edges. 

Example 3.3. The equations that x has to satisfy are: 




x + Vi + v 2 



(x,v 2 - v 3 ) = \v 2 \ 2 - (v 2 ,Vs) 
\x\ 2 - (x, vi + v 2 ) = -{vi,v 2 ) 
(x,vx - v 3 ) = |vi| 2 - {v 2 ,v 3 ) 



In fact it should be clear that a graph in T$ is obtained starting from a point 
x and then applying the elements of a complete sub graph A C Gx of the Cayley 
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graph containing 0. One the results of [12] (Theorem 3) is that in this fashion we 
have always isomorphisms between components of Ag and components of Tg. 

The question is thus to understand when, given x G R™, the elements hx, h G A 
describe the vertices of a corresponding geometric graph with root x in Tg- 

One can easily verify that 

Proposition 3.4. The elements hx, h G A describe the vertices in a component 
C of the geometric graph T$ if and only if, for each h = (a, a) G A we have: 



Therefore the question that we have to address is: for which graphs A C Tx 
we can say that these equations have a solution in M n \ S for generic values of the 
points v{l Such a graph is called compatible. 

A main result in [12] is that if the edges of the combinatorial graph span a 
lattice of dimension > n then the only geometric realizations of this graph can be 
in the special component S. 

It remains to analyze graphs with linearly dependent edges. In order to address 
this question we need to develop a more combinatorial approach. 

3.5. Relations. Take a connected complete subgraph A, in the subgroup G_2 of 
G generated by X, of the Cayley graph Gx- By taking the first coordinates we 
identify its vertices with a subset, still denoted by A, of the set of elements in Z m 
with 77(a) = 0, —2 (the orbit of under G_ 2 ). 

Definition 3.6. • A graph A with k + 1 vertices is said to be of dimension 



• We call the dimension of the afhne space spanned by A in K m the rank, 
rkA, of the graph A. 

• If the rank of A is strictly less than the dimension of A we say that A is 
degenerate. 

Once we choose a root r for A we can translate A so that r = then instead 
of the affine space spanned by A we may consider the lattice spanned by the non- 
zero elements in A, it is natural to color all remaining vertices with the rule that 
a vertex a is black if 77(a) = or, equivalently, it is joined to the root by an even 
path and red otherwise, if 77(a) = —2. Then we can extend the notion of black 
or red rank, and corresponding degeneracy. When we change the root we have a 
simple way of changing colors that we leave to the reader and the two ranks may 
just be exchanged. 

If A is degenerate then there are non trivial relations, ^2 a n a a = 0, n a G Z 
among the elements a G A. 

Remark 3.7. It is also useful to choose a maximal tree T in T. There is a triangular 
change of coordinates from the vertices a to the markings of T. Hence the relation 
can be also expressed as a relation between these markings. 

We must have by linearity, for every relation J2 a n a a = 0, n a G Z that = 
Y^ra n a a ^ 2 \ = ^ a n a n(a) and moreover we have: 



(16) 




k. 



(17) 




n, 



■a ■ 



a, |i7(o)=-2 
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Applying Formula ([16]) we deduce that we must have 
(18) 

^2 n a K(g a ) = 2(x, ^ n a ir[g a )) + [ n a ]{xf = 2(x, ^ n a ir(g a )) = 0. 

a a a|r/(a) = -2 a 

The expression n a,K(g a ) is a linear combination with integer coefficients of the 
scalar products (v%,Vj). We can prevent the occurrence of the component T by 
imposing it as avoidable resonance. We need to formalize the setting. 

Let us use for the elements of G in the subgroup G2 just their coordinate 
a G Z m , 77(a) € {0,-2}. Then we have ^2 a n a K(a) = n(^ a n a C{d)) hence we 
easily deduce: 



Proposition 3.8. The equation ( 18 ) is a non trivial constraint if and only if 



Y] n a C{g a ) 7^ 0. In this case we say that the graph has an avoidable resonance. 

Corollary 3.9. If we have an avoidable resonance of previous type associated to 
r then, for a generic choice of the S := {vi}, T as no geometric realizations. 

The main Theorem on this topic proved in |12j is: 

Theorem 3. Given a compatible connected X -marked graph, with a chosen root 
and of rank k for a given color, then either it has exactly k vertices of that color 
or it produces an avoidable resonance. 

Proof. Let us recall the proof for convenience of our treatment. Assume by con- 
tradiction that we can choose k + l distinct vertices (ao, a\, ■ ■ ■ ,dfe), different from 
of the given color so that we have a non trivial relation J^. nidi = and the ele- 
ments a,i, i = 1, . . . , k are linearly independent. Set n a = ni, if a = a% and n a = 
otherwise. If all these vertices have sign +, we have ^2 a n a a 2 — 0. Similarly, if 
they are have sign — we have — ^2 a n a a = ^2 a n a a(a)a = and also ^ a n a a^ 2 ' = 
so again ^ a n a a 2 = 0. 

We can consider thus the elements Xi := a^, i — 1, . . . , k as new variables and 
then we write the relations ^ a n a a = ^ Q n a a 2 = as 

= a k +i +}^pjXj, => C^piXi) 2 + ^pix 2 = 0. 

i—1 i—1 i—1 

Now X^iLiPi 2 -? does not contain any mixed terms x^Xk, h ^ k therefore this 
equation can be verified if and only if the sum Yli=iPi x i * s reduced to a single 
term piXi, and then we have pi — — 1 and ao = a^, a contradiction. □ 

Unfortunately there are examples of unavoidable resonances as we shall discuss 
in the next paragraph. 

3.10. Degenerate resonant graphs. 

Definition 3.11. We say that a graph A is degenerate-resonant, if it is degenerate 
and, for all the possible linear relations n^di = among its vertices we have 
also J2i n iC{ a i) = 0- 

What we claim is that a degenerate-resonant graph A has no geometric real- 
izations outside the special component. 

Remark 3.12. One may easily verify that the previous condition, although ex- 
pressed using a chosen root, does not depend on the choice of the root. 
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One of the obstacles we have is that the proof of Theorem [3] breaks down in 
general since in fact there are non trivial degenerate-resonant graphs, the simplest 
of them is the minigraph 
(19) 



(-e 2 + ei) 



0: 



(-2ei 



(-e 2 - ei) 



(— e 2 + ei) + a ■ 



(-2ei) - a 



(-e 2 - ei) - a 



Relation is (— e 2 + ei) — (— e 2 — ei) + (— 2ei) = 0, we have 



C(-e 2 + ei) = - eie 2 , C(-e 2 - ei) = -eie 2 , C(-2ei) 



e? - eie 2 - (-eie 2 ) - = 0. 



A more complex example is 



e 2 - e 3 



— ei — e<u ei — e 4 ei — e 2 

-«Jei + e 2 = 2ei 



e 2 - e 4 



■ ei - e 2 



0: 



-e 2 - e 3 



What is common of these two examples is that in each there is a pair of vertices 
a, 6, of distinct colors, with a + b = — 2e.; for some index i. 

Definition 3.13. We shall say that a connected graph G is allowable if there is no 
pair of vertices a,c £ G with ac~ x = cT x a = (— 2ej, r), or (— 3e^ + ej, r), otherwise 
it is not allowable. 

We may assume a £ Z m black and c — br. be Z m red. We then easily see that 

Proposition 3.14. If a graph is not allowable then it has no geometric realization 
outside the special component (i.e. it is not compatible). 



Proof. We write the quadratic equation (16), for a vertex x, corresponding to the 



«i we 



root a, given by the vertex b = —2ei. Since C(— 2et) = —ef, K{—2ei) 
get 

= \x\ 2 + (x, 7r(-2 ei )) - K(-2 ei ) = \x\ 2 - 2(x, v z ) + \v t \ 2 = \x - v t \ 2 . 

Hence the only real solution of \x — Vi\ 2 = is x = u,-. Then we apply Remark 15 
of |12| where we have shown that the special component is an isolated component 
of the graph. 

In the other case x is in a sphere whose square radius is 7t(j4) 

A = ( ' 3et 4 +ej)2 + C(- 3ei + ej) = -±[(-3* + e 3 ) 2 + 2(-Ze 2 + e 2 )] 



= - 7 [9e|-6eiej 



e 2 - 6e- + 2e 2 } 



-[ei 



clearly ir(A) 



\\vi - Vjl 2 < 0, Vfj ^ Vj 



□ 



What we conjectured and shall prove in this paper is (cf. fpl) 



Theorem 4. A degenerate-resonant graph A is not allowable hence it has no 
geometric realizations outside the special component. 
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4. Resonant graphs 

4.1. Encoding graphs. In order to understand relations, consider the complete 
graph T m on the vertices 1, . . . , m. If we are given a marked graph T we associate 
to it the subgraph A of T m , called its encoding graph in which we join the vertices 
i, j with a black edge if T contains an edge marked ej — ei and by a red edge edge 
if r contains an edge marked —ej — e^. We mark = the red edges. 

For each connected component of the encoding graph consider the subspace 
spanned by its edges. It is easily seen that these subspaces form a direct sum. 
Hence the encoding graph of a minimal relation is connected. Moreover a circuit 
in the encoding graph corresponds to a relation between the corresponding edges 
if and only if it contains an even number of red edges and we call it an even circuit. 

This follows from the basic relations with which we can substitute two consec- 
utive edges with a single one: 



(e l - ej) + (ej - e fe ) + (e k - e£) = 0, i 




(e, - ej) - (- 



efe) + (-efe - e 4 ) = 0, 




-2e, 



-(e i -e,-) + (- 



Thus for each index i of an odd circuit a sum, with coefficients ±1, of its edges 
equals to — 2ei. The edges of an even circuit have a linear relation (unique up to 
sign) given by a sum with coefficients ±1 equal 0. If we have a list of edges of 
r which are linearly dependent and minimal (with respect to this property) then 
we claim that the corresponding elements in the encoding graph from a circuit, 
with some provisos due to the presence of red edges. More precisely we may have 
a simple circuit in which an even number of red edges appear or two odd circuits 
joined by a segment (possibly reduced to a point) . 



Example 4.2. An even and a doubly odd encoding graph: 
1 10 9 8 7 



2 4 5 6 
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12 13 14 15 16 



11 19 18 17 



1 = 10 9 8 = 7 



2 3^^4 5 6 

This can be easily justified. Recall that the valency of a vertex is the number 
of edges which admit it as vertex. If the given edges give a minimal relation 
their encoding graph must be connected, furthermore it cannot have any vertex 
of valency 1 since the corresponding edge is clearly linearly independent from the 
others. Finally it cannot have more than 2 simple circuits otherwise we easily see 
that we have at least 2 relations. 

For a connected graph the number c of independent circuits is the dimension 
of its first homology group and thus given, using the Euler characteristic, by 
c = e — v + 1 where e, v are the number of edges and vertices respectively. In our 
setting all vertices have valency > 2 and we denote the valency of the vertex i by 
Vi = Vi + 2 (with Vi > 0). We have 2e = J2i ^» = /Ci v i + %v so that we have 
J2i Vi = 2c — 2. If c = 1 the encoding graph is a simple circuit. If c = 2 we deduce 
that J2 i Vi = 2 hence we have either only one vertex of valency 4 and the others 
of valency 2 or two vertices of valency 3 and the others of valency 2. The first 
case gives two loops joined in one vertex the second gives either two loops joined 
by a segment or two vertices joined by 3 segments. This last case is not possible 
since two of these segments will have the same parity and generate an even loop 
contradicting minimality. 

4.3. Minimal relations. We want to study a minimal degenerate resonant graph 
T. Observe that for such a graph any proper subgraph is non-degenerate. In 
particular we have one and only one relation among the edges of a given maximal 
tree T in the graph and a corresponding relation for the vertices. 

A minimal degenerate graph has a special type of relation which comes from 
the fact that in a maximal tree we have a minimum number of dependent edges. 
Such a situation arises when these edges, call their set £ , form in the encoding 
graph, a even circuit (where we allow the possibility that we have two odd circuits 
matching) as in the previous paragraph. Call \£\ the subgraph of T formed by the 
edges £, of course it need not be a priori connected but only a forest inside T. 

In an even circuit the relation is a sum of edges Ylj dj^j — 0: with signs 5j = ±1 
in two odd matching circuits we may have some Sj = ±2 corresponding to the edges 
appearing in the segment connecting the two odd loops. In any case we list the 
edges appearing as ^. Each £j black is ^ = Oj — 6j with otj, 6j, its vertices of the 
same color while a red is ii = Oj + 6j with at red and bi black its vertices. 

The relation is thus 



(20) 



i black j red 
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Notice that, by minimality, all the end points of T must be in \£\. We may 



think of (20) as a formal relation on the vertices (instead of on the edges), note 



that a vertex in £ need not appear in ( 20 1 however all end-points in £ must appear 



and, if a vertex v has coefficient k in the relation, it must be the vertex of at least 
k of the given edges (in the case Si = ±1). 

4.3.1. Basic formulas . We work with G_2 identified with elements in Z m either 
with 77(a) = 0, black or 77(a) = —2 red. We have set C{a) = \{a 2 +a^) for a black 
and C(a) = -\{a 2 + aW) for a red. 

In our computations we use always the rules: 

• for u, v black, we have u + v black and 

C(u + v) = + v) 2 + (u + v)W) = C{u) + C(v) + uv 

• for u black v red, we have u + v red and 

C(u + «) = -!((« + v) 2 + (u + v)W) = -C(u) + C(v) - uv 

• for u, v red, we have u — v black and 

C(u -«) = !((«_ v) 2 + {u- i>) (2) ) = ^({u 2 +v 2 - 2uv + (u- w) (2) ) 

= ^((w 2 + v 2 - 2uv + {u - v) {2) ) = -C{u) + C{v) + v 2 - uv 

• for u black, we have — u black and 

C{-u)=C{u)-u ( ?\ 

5. The resonance 

5.1. The resonance relation. This chapter is devoted to the proof of Theorem 
[4] In order to prove it we take a minimal degenerate resonant graph T and inside 
it a maximal tree T and then we start studying it. In fact it would be possible to 
classify these trees, we arrive a little short of this since we need only to show|4j 

5.1.1. Relations. Associated to T we have its encoding graph and the encoding 
graph of the edges £ involved in the relation. We index the edges in the relation 
and set £i — "diei — e^+i where i?j = ±1 (depending on the color of the edge). As 
we explain in course of the proofs we will need to identify some vertices e.;. 

We distinguish two cases, if the encoding graph of the relation is 1) an even or 
2) a doubly odd loop. The simplest case to treat is case 1) which then suggests 
how to deal with the other cases. 

Case 1. Up to changing notations we may assume that the loop is formed by 
the edges ii = {fiCi — e^+i, i — 1, . . . , k — 1, £k — ^k^k — ei, (here we identify 
e x = e fe+ i). Set 

Si := JJtfi = i?i<5»-i, 
j<i 

we assume we have an even number of i9j = —1, by assumption 5^ = 1. 
We call Si the parity of i. 
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Lemma 5.2. We have the relation: 

k 

Proof. Consider an index i > 1, the coefficient of a in A is — <5 i _ 1 + <5ji9j. Since 
5j = 5i_it?i for this e» the coefficient is 0. For e\ the coefficient comes from 
b\t\ + Skik, we have 5i = flfc = 1 so we also get coefficient 0. □ 

Set C : ^ m — > C( e i) = (by convention 5 = 1) so that, by linearity, 

Lemma 5.3. The £i span the codimension 1 subspace of the space ei, . . . , e/t formed 
by the vectors a such that 

(21) a = J2 aiei i ^( a ) = Yl 5i ~ ioii = °- 

Proof. ((£i) = 0, so the 4 are in this subspace, but they span a subspace of 
codimension 1 hence the claim. □ 

Case 2. For a double loop with k edges, we have either one or two vertices in 
the encoding graph of valency > 2 separating the two odd loops, we call these 
vertices critical. We start from a odd loop and a critical vertex which we may 
assume to be 1. We call A = {1, . . . , h} the indices in the first loop. We then list 



the edges £\ , . . . , £h in a circular way and 

Lemma 5.4. We may choose the signs Si = ±1 so that for any index j < h we 
have: 

j h h 

(22) y^£jlj = -Sjej+i - ei, y~]6j£i = -2ei, ^ = -e\ + 6je j+ i. 

i—l i—1 i=j-\-l 

Proof. From the first Formula the others follow. We define Si = if i > 1 

and set Si — — $i. Then if j = 1, S\£x = <5i($iei — e 2 ) = — ei — 5ie 2 and this 



follows from the definitions. By induction 

i+i 

^ <Mi = -Sjej+i - e\+ Sj + \£j + i 

i=l 

-^•e J+1 - ei + <5j+ii?j + ie i+1 - <5 J+1 e J+2 = -ei - S j+1 e j+2 . 

□ 

For notational convenience we identify eh+i = e\. If we have two critical ver- 
tices, call b > h + 2 the other, we have then a segment joining them formed 
by a string of elements £ h+1 = d h+1 e h +i - e h +2, ■ ■ ■ , 4-1 = tib-i^b-i - e&. 
We call B this set of indices and assign to these edges signs S — ±2 so that 
Si=/l+i — J2 ie B = 2[ei + ^e&] where # = 1 if and only if this segment is 
odd. 

We finish with the other odd loop, call C the corresponding set of indices and 
assign, as before, signs ±1 so that J2 i=b Si£i — Siec^^ = ^^ e b- With these 
choices the relation is 

k 

(23) R := Siii = -2ei + 2[ei + $e b+1 ] - 2de b+1 = 0. 

i=i 
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We have chosen the indices so that we order the edges as they occur in one way 
of walking the cycle, starting from the critical vertex 1. We say that an index is 
critical if the corresponding vertex is critical. Here l,h+ 1,6 are critical. 

Remark 5.5. The non critical indices are divided in 2 or 3 sets (depending if we 
have only one critical vertex or two). If u is not critical we have S u = i) u 5 u -i. 



Lemma 5.6. The ti span the sublattice of the lattice spanned by e\, . . . , e% formed 
by those vectors 

(24) a — ctiei | 77(a) = on = 0, modulo 2. 

i i 

Proof. — modulo 2, so the ti are in this sub-lattice, the fact that they span 

is easily seen by induction. □ 

5.6.1. Signs. We choose a root r in T and then each vertex x acquires a color 
a x = ±1. The color of x is red and a x — —1 if the path from the root to x has an 
odd number of red edges, the color is black and o~ x = 1 if the path is even. 

An edge ti is connected to the root r by a unique path pi ending with li we 
denote its final vertex Xi and we set cr, := a Xi . If is black we set Aj = 1 if the 
edge is equioriented with the path, that is it points outwards, A,; = —1 if it points 
inwards. Finally we set Aj = 1 if the edge is red. 
(25) 

r ... ./• A, 1. r ... x A, 1 . 

Definition 5.7. Once we choose a root in T, each red edge ti (that is -di = —1) 
appears as edge with one end denoted by Oi red and the other denoted by bi black, 
we have li = a; + hi. For a black edge ~di = 1 we define ai,bi so that instead 
a, = bi + £i, and a i7 hi have the same color. We thus write ti — a; — 

In particular for the resonant trees: 

Proposition 5.8. 

(26) TI := ^2 5i{-af ] -l i a l + e i ei +l )+ ^ ^(-e?^ + eie i+1 +1^) = 0. 

i|i? i =-l i|i3i = l 

5i(bf ] + libi - eie i+ i) + ^ ^cr^e? - eje i+ i + Ifo) = 

i\-8 i= -l i\$i = l 

Proof. We start from the relation J^i <Wi — an d substitute the previous formulas, 
we deduce 

(27) R := J2 + Si{ai-bi)=0. 

i|i? i= -l i|i?i = l 

We next have by the resonance hypothesis 

J2 S i (C(a i ) + C(b i ))+ ]T Si{C(a i )-C(b i )) = 0. 

i|# i= -l i|#i = l 



We next apply the formulas 4.3.1 



For ai, ti = —ei — e%+i red, we have bi + a,; = ti and bi is black: 
CK) + C{h) = -l/2(a? + af >) + 1/2(6? + 6«) 
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= -l/2(a 2 + af >) + l/2(& - a t f + if - af) 
= -1/2(4 + of 3 ) + V2(^ - MiO, + a\ + 4 2) - af ) 

(2) (2) 

For a,j = 6j + and £j = e, — ej + i black we have: 

Cfa) - C(60 - ^[l/2( a 2 + af ) - 1/2(6? + 6 f)] 

= CTl [l/2K 2 + af) l/2((o i - 4) a - 4 2) + of >) 
= o-i[-l/2(^ - 2^ - lf>)\ = ai[-e 2 i+1 + &l e l+1 + l t a z }. 
The second identity follows from the first by substituting. □ 

5.8.1. Some reductions. Denote by bi — X)™=i ^i,h e h and expand the second For- 



mula (26). Observe that the coefficients of the mixed terms e^e,-, i ^ j come all 



from the sum 

B := ^ Si(£ibi - eie i+ i) + 8 i o i (-e i e i j rX + ^bi). 

i|0i=-l <|*i =1 

If /i ^ [1, . . . , k], the coefficient of in i? (which must be equal to 0) is 

S t £ib ith + 2J Siai£ib iih = 0. 



By the uniqueness of the relation it follows that this relation is a multiple of ( 23 ) 
hence the numbers b^h, i?j = —1 and cr^/j, i?j = 1 are all equal. Since now we 
can choose as root one of the elements bi we deduce that all these coefficients bi.h 
equal to 0. Thus, with this choice of root, bi, a,i have support in the vertices of the 
encoding graph. 

As a consequence we claim that: 

Lemma 5.9. In case 2) the edges of the tree coincide with the edges £i of the 
relation. 

In case 1 ) either the edges of the tree coincide with the edges £i of the relation 
or we can reduce to the case in which the tree T consists only of the edges involved 



in the relation, plus a single special extra edge E with C,(E) = 2 (see Lemma 5.3 
for the definition of Q). 

E is either a red edge of the form — — ej with i,j of the same value of C or a 
black edge of the form —ei + ej with i,j of the opposite value of £. 

Proof. Let T" be the forest support of the edges £j, if this is a tree it must coincide 
with T by minimality and we are done, if T' is not a tree there is at least one 
segment S in T joining two end points in T 1 . All the edges in S by definition are 
not in the relation. Their sum with suitable signs is supported in [1, . . . , k] and in 
fact it is either the sum or the difference of two of the elements <2j, bj, in particular 
it has the form E = Y^,i=i a i e i 



If we are in case 2) then, by Lemma 5.6 IE is a linear combination of the 



with integer coefficients. This is a new relation containing edges not supported in 
[1, . . . , k] contradicting the hypotheses. 

If we are in case 1) we must have C(E) ^ otherwise E is in the span of 
the edges £i and we have another relation among the edges of T contradicting 



THE ENERGY GRAPH OF THE NON LINEAR SCHRODINGER EQUATION 



25 



minimality. By the same reason we cannot have two such segments, since the ii 
span a subspace of codimension 1 and we still would have a new relation. 
Finally we claim that E is an edge. 

We look at the encoding graph U of the edges in S, we want to show that they 
form a path joining two points in [1,2,..., k] so that the loop they generate in this 
way is odd. 

First remark that every end vertex of U appears with non zero coefficient ±1 
in the vector E hence all end points of U lie in [1, 2, . . . , k}. 

Next if U contains two different paths joining points in [1,2,..., k] each such 
path gives rise by summing with suitable signs to a non-zero linear combination 

of elements in [1.2 k]. Since the span of the edges (", has codimension 1 in the 

span of the elements e<, if we have two more paths we deduce a new relation. We 
deduce that U is either a single path joining two vertices u, v G [1, 2, . . . , k] and not 
meeting any other point of [1, 2, . . . , k] or it may also be a single loop originating 
from a vertex u in [1, 2, . . . , k]. In this case the loop must be odd otherwise we 
have another relation, then we see that if we choose as root one of the two vertices 
of T joined by S the other vertex is —2e u and we are finished, since we have proved 



that the graph is not allowable i.e. we found the desired pair of Proposition 3.14 



Otherwise E is an element of mass either or —2 has support in two elements 
of [1, ... , k] with coefficients ±1 hence it is an edge, since we are assuming that it 
does not appear in the relation the only possibility is that it must be of the form 
c-u — e„, — e u — e v . u,v G [1,2,..., A;] and linearly independent from the edges £h, 
this means, by Formula (24), that u, v must have opposite parity in the first case 
and the same parity in the second. If S is not equal to the edge E we claim that 
the complete graph T we started from was not minimal. Indeed we construct a 
tree T' by replacing the path S by the single edge E. This is a proper subgraph 
of T by completeness. The complete graph associated to T' is resonant-degenerate 
(it contains all the vertices appearing in the relation). This is a contradiction. 



I) 1^=10^=9 8^=7 

2 3^=4 5 6 



(28) II) 1 = 10 = 9 = 8 7 




2^=3 4^=5^=6 

□ 

Remark 5.10. In the case 1) with an extra edge joining the indices i,j we shall 
say that i, j are critical and divide accordingly the remaining indices in two sets 
and all edges in two sets A, B accordingly. Note that in this case for all indices 
one has 5 U — i d u 8 u -\. 

Remark 5.11. In case 2) we divide the edges in three sets A, B, C where A are the 
edges of the first loop, B (possibly empty) the edges of the segment and C the 
ones of the second loop. In case 1) with an extra edge we divide the edges in two 
sets A,B separated by the extra edge E. 
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As for a non critical index u we shall say that u A resp. u £ B, C if the two 
edges £ u -i,£ u are in A (resp. B,C). 

5.11.1. Some geometry of trees. Let us collect some generalities which will be used 
in the course of the proof. In all this section T will be a tree, for the moment with 
no further structure and later related to the Cayley graph. 

Given a set A of edges in T let us denote by {A) the minimal tree contained in 
T and containing A, we call it the tree generated by A. The simplest trees are the 
segments in which no vertex has valency > 2. In fact in a segment we have exactly 
two end points of valency 1 and the interior points of valency 2. 

Lemma 5.12. 1) If A consists of 2 edges then (A) is a segment, more generally 
if A consists of 2 segments Si, S2 with the interior vertices of valency 2 then again 
(A) is a segment, if moreover Si D S2 contains an edge, then Si U S2 = (Si, S2) 
and all its interior vertices have valency 2. 

If we only assume that S2 has interior vertices of valency 2 but we also assume 
that Si H S2 contains at least one edge then 
2) (Si, S2) = Si U S2 and it is a segment. 

Proof. 1) Consider Si PI S2, if this is empty, there is a unique segment joining 
two points in Si,^ and disjoint from them, then this must join two end points 
by the hypothesis on the valency and the statement is clear. 

2) Let A be a segment connected component of Si PI £2. Unless S2 C Si one 
of the end points a of A is an internal vertex of Si , since this has valency 2 this 
is possible only if a is an end point of Si , if also the other end point of A is an 
internal vertex of Si the same argument shows that Si C S2 ■ The final case is that 
the other end of A is also an end point of S2 and then the statement is clear. □ 



6. The contribution of an index u 



6.0.1. The strategy. We want to exploit Formula (26) in order to understand the 
graph. We proceed as follows. 

Definition 6.1. Given a quadratic expression Q in the elements and any index 
u we set e u C u (Q) to be the sum of all terms in Q which contain e u but not e\. 

Notice that C u is a linear map from quadratic expressions to linear expressions 
in the ej, i ^ u. By Formula (26) we have C U (TZ) = 0. We observe that only the 
terms ^flj or — e^ei+i may contribute to C U (TZ) hence: 



C U (K)= 

i 1 i? i= -i 



6i(-C u (£iai)+C u (eie i+ i))+ ^ Sia t (C u (e i ei + i)+C u (l l a i )) = 0. 

i I 



We choose an index u which appears only in l u —i = $ u -ie u —i — e u and in 
C-u = $v, e u — e u +i. This is any index in case 1) with no extra edge while it excludes 
the critical indices in the other cases (see Remarks 5.5 and 5.10). 

We separately compute the contributions of 



since C U (TZ) = C U (K") - C U (W). 
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We need the following formula for the elements a 3 - , easily proved by induction, 
where the black edges I are oriented outwards from the root and o~i denotes the 
color of the endpoint of the segment ending with £: 



(29) 



-YLl^tl, ^ = 1, ^ red 
Oj J2e-<ej Aj = 1, £j black 

o j = — 1) black 

If i ^ u — 1, u set fJ, u (i) to be the coefficient of e u in at then 

Lemma 6.2. If i =/= u — l,u we have C u (£idi) — [i u (i)£i. 

The contribution C U (JV) depends on the two colors of f „_ i , £ u according to the 



(30) 










colors 










rr 


Su-l 


= s u 


-5 U - 




rb 


S u -i 


= $u 


-5 u -xe u . 


-\ — 


br 


Su-l 


= S u 




ie„ 


bb 


Su-l 


= $u 




-l — 



contribution of TV 

-l — S u e u+ i = 8 u [e u -i 



Proof. The first statement is clear since the edge £^ does not contain the term e u . 
For the second we see that the contribution to C U (TV) comes from the two terms 
e«-ie u , e u e u +\. The term e u _ie u if 8 u -i = — 1, i.e. £ u -i is red, appears from 
Cu(-£«-ie u -ie„) = -S u -ie u -i. If = 1, i.e. £ u ^ x is black, appears from 

C u (— a u -\6 u -ie u -ie u ) = —a u -i6 u -xe u -i. 

The term e u e u+ i, if (9 U = — 1, i.e. £ u is red, gives rise to C u {—8 u e u e u+ i) = 
-5 u e u+ i if 9 U = 1, i.e. £ u is black, gives rise to C u (-a u S u e u e u+ i) = -a u 5 u e u+ i. 

We then use the fact that S u = 5 u —\ if 6 U is black, while 5 U = —5 u -i if 5 U is 
red. 

□ 

We thus write 

= -C u (TV)= ^ $iHu(i)£i- ^ 5iO-iiJ, u (i)£i + L u 

— — 1, i^u— = i^u— l,u 

where L u is the contribution from C U (TV) and from the terms associated to 

®u— l**u— 1 ) ®u£u • 

We now choose the root so that the segment S u , generated by the two edges 
£ u -i,i u , appears as follows: 



(31) S u 



The value of L u depends upon 3 facts, 1) the two colors of £ u _i,£ u . 2) The 
orientation A of the edges £ u -\,£ u which are black. 3) The color er n _i of x u —\. 
We thus obtain 18 different cases described in |6.2.3| 

6.2.1. The contribution of a u £ u . If £ u — —e u — e u +i is red we have a u = £ u and 
C u {8 u £ u a u ) = 25 u e u +\. If £ u — e u — e u +i is black we have a u — 1, if \ u — 1 we 
have a u — £ u and C u {—8 u a u £ u a u ) — 25 u e u j r \. If A u = —1 we have a u = and 
C u {—5 u u u £ u a u ) = 0. Summarizing: 
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C u {6 u £ u a u ) = 25 u e u+1 , £ u is red 
(32) C u (-5 u a u £ u a u ) = 25 u e u+ i, 4 is black X u = 1 

C u {-8 u a u t u a u ) = 0, 4 is black \ u = -1 

6.2.2. The contribution of a u _i4-i- In a M _i consider the part a„_i of the sum 
formed by the edges 4 £ u ~< £i ~< 4-i- 
We have a„_i = a„_i + a M _i where 



(33) a u _i = < 

We then have 
Finally 

C u (£ u -il u ) = -i?„_i^ M e„_i + e„+i, C u (4-i) = -i?„_i2e„_i. 





if (T^-i = 


-1, 


4-1 


red 


^ ^u^u£uj 


if cr„_i = 


1, 


4-i 


red 


u—lO u^u^u £u—l 


if A„_i = 


1, 


4-i 


black 


0~u—lO~u^u£ui 


if A u _i = 


-1, 


4-i 


black 


C u {£u-ia u ~i) = 


—olu-i + C«(4- 


-lfflu- 


i) 





°\tA M C u (4-l4) + Ctt(^u-l): 


C„-l = 


= -1, 


f 


i red 


0~u^uC u {£u— l4)i 


c u -l 


= 1, 


p 


i red 


C M — lCT u A u C u (4 — 14) + Cu(£u— l)i 


A u -i = 


= 1, 


p 


i black 


cr«-lC u A u C M (4-l4), 


A M -i = 


= -1, 


p 


i black 


-CT„A„(-i? u e„_i + e„+i) + 2e„_i, 


C„-l 


= -1, 




_i red 


( -CuA u (-'i?„e u _i + e u+ i), 


C M -1 


= 1, 


f 


_i red 


o' M -iO' lt A u (^ tt e tt _i + e u+ i) - 2e tt _i, 


A u -i 


= 1, 


p 


_i black 


o'tt-ic«A„(^„e„_i + e u+ i), 


A M -i 


= -1, 


p 


_i black 



C u (£ u -ia u -i) — < 



If 4-i is red we then compute the contribution of (5„_i4-ia u -i getting (recall 

that a u is — 1 if 4 is red, one otherwise) 

(34) 

e u+1 +3e u -!, ct„_i = -1, 4 red 

e u +i + e„_i, er„_i = 1, 4 red 

-A„[e„ + i - e„_i] + 2e„„ 1 , ct u _i = -1, 4 black 

-A„[e u+ i - e„_i], cr„_i = 1, 4 black 

If 4-i is black we then compute the contribution of — cr„_i(5 u _i4-ia tt _i getting 
(35) 

' -o- u -i[e u +i - e„_i] - 2e„_i, A„_i = 1, 4 red 

-c«-i[e„ + i - e„_i], A u _i = -1, 4 red 

cr„-iA„[e„_i + e„+i] - 2e„_i, A„_i = 1, 4 black 

o'u-iKieu-i +e u+ i], A u _! = -1, 4 black 



Cu-i^u-ia«-i — o- u _i(5 M _i < 



We thus write if 4-i is red 
(36) 

= -C u (R)= <W*)4 



^ (5ia^ u (i)^-(5 u _ia u _i+L 

i | ^i — 1, i^u— l,u 
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If l u -i is black 
(37) 

= -C u (K)= ^2 5ifi u (i)£i- ^2 ^o- i /i u (i)^+o-„_ 1 5 u _ 1 a u _ 

i | ^i— — 1, i^u—l.u i | — 1, i^u— l,u 



In both cases by 1/ we denote the contribution from the Formulas (30 1,(32), and 
([34]) or ([35]). 

6.2.3. The 18 cases. So now we expand L 

1) i u -x,l u both red ct u _i = 1. 

<M e «-i ~ e «+i] + 2 ^« e «+i _ ^u(e«+i + e„_i) = 0. 

2) tu-iJu both red = -1. 

<5 M [e«-i - e u+ i] + 2S u e u+ i - S u [e u+ i + 3e u _i] = -2<5 u e u _i. 

3) £ u -i red, 4 black er„_i = 1, A„ = 1. 

-<5 u [e„_i + e u+1 ] + 26 u e u+1 - 6 u [e u+1 - e„_i] = 

4) £„_i red, l u black er„_i = -1,A„ = 1. 

-5 u [e u ^i + e u+ i] + 2(5„e u+ i - f> u [e u+ i - e„_i] - J„2e u _i = -2<5„e„_i 

5) red, £ u black cr u ~i = 1, A u = —1. 

-(5 u [e M _i + e u+ i] + 5 u [e u+ i - e u _i] = -26 u e„_i 

6) £ u -i red, £ u black <t„_i = — 1,A„ = —1. 

-^«[e u _i + e„ + i] + <y u [e„ + i - e„_i] + 5 u 2e u _ 1 = 

7) £„_i black, £„ red er„_i = 1, A„_i = 1. 

Su[e u -i - e«+i] + 2<5„e u+ i - 5„[e u+ i - e„_i] - 2<5„e u _i = 

8) i u -\ black, £ u red <t„_i = — 1, A u _i = 1. 

§u[— e u -i — + 2<5 tl e ll+ i + <5 u [e M+ i — e u _i] + 2<5 u e u _i = 2(5 u e u +i. 

9) t u -\ black, £ u red cr u _i = 1, A„_i = — 1. 

S u [e u -i - e„ + i] + 2<5„e u+ i + f> u [e u+ i - e u _ x ] = 2<5 u e u+ i 

10) l u -i black, £ u red cr u _i = -l,A„_i = -1. 

5«[-e u _i - e„ + i] + 25„e u+ i - 5 u [e u+1 - e„_i] = 0. 

11) £ u _i, both black, ct u _i = 1, A n _! = 1, A. u = 1. 

-5 u [e u ^i + e u+ i] + 2S u e u+ i - S u [e u -i + e u+ i] + 28 u e u -i = 

12) £ u -i, i u both black cr„_i = — l,A«_i = 1, \ u = 1. 

-£«[-e«_i + e u+1 ] + 2S u e u+1 - <5 u [e„_i + e u+1 ] - 2c5„e u _ 1 = -2c5„e„_i 

13) £„_i, 4 both black er u _i = l,A u _i = -1, A„ = 1. 

S u [e u -i + e-u+i] + 26 u e u+ i - S u [e u -i + e u+1 ] = -25 u e u ^i 

14) £ u -\, i u both black cr„_i = — 1, A u _i = —1, A, u = 1. 

—$u[—e u -i + e u +i] + 2S u e u+ i - S u [e u -i + e u+ {\ = 

15) t u -x, (u both black, ct u _i = 1, A n _i = 1, A„ = -1. 

-S u [e u -i + e„+i] + 5 u [e u -i + e u +i] + 2<5 u e„_i = 2<5 u e u _i 
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16) £ u -i, £ u both black o~ u -\ = — l,A u _i = 1, X u = — 1. 

S u [-e u -i + e u+1 ] + & u [e u -i + e-u+i] - 25 u e u - 1 = 

17) £ u _i, £ u both black <t„_i = l,A u _i = -1, A„ = -1. 

-S u [e u -i + e u+ i] + 5 u [e u -x + e M+ i] = 

18) £„_i, £ u both black er u _i = — 1, A tt _i = -1, A„ = -1. 

S u [-e u -i + e u+ x] + 5 u [e u _i + e u+1 ] = 2S u e u _ 1 
By inspection we see that we have proved the following remarkable: 

Corollary 6.3. The contribution of L equals to if and only if o~ u —i — A u _iA M . 
In this case the coefficient of e u in the end point x u -\ of the segment S u is 0. 

If a u —i = — A u _iA„ the contribution of L equals to ±2e M ±i. In this case the 
coefficient of e u in the end point x u _i of the segment S u is ±2. 

Proof. The first is by inspection, as for the second we check a few cases. This coeffi- 
cient comes from the two contributions of t u -\ , £ u . They appear by a u -\ [o~ u X u £ u + 
Ou-iAu-iAi-i]- Now a u X u £ u = —ta = e„ + e u+1 if £ u is red and similarly 
Ou-iAu-i^u-i = e u + e u _i if l u -i is red and <r u _i = —1. This is case 2). If £ u ~\ is 
black then the coefficient of e u in cr„_iA u _il u _i is 1 if and only if cr„_iA u _i = —1 
and in this case this is equivalent to cr u _i = — A u _iA u . These are cases 8,9. 

Similar argument when l u is black. □ 

Corollary 6.4. If £ u -\ < £j we have (i u (j) = if the contribution of L is 0, 
otherwise (J. u (j) = ±2. 

6.4.1. Contribution of L equals to 0. We say that u is of type I. We deduce that 



the other edges £i satisfy a relation, i.e. either (36) or (37). This is impossible 
unless this is the trivial relation with all coefficients 0. Let us draw the implications 
of this. Recall that S u is the minimal segment containing the edges £ u ,£ u -i (cf. 



Formula ([31]). 

Notice that any edge £j comparable with £ u and not with £ u ~\ appears in the 
relation, only from the term \x u {j)£j (indeed in this case a„_i does not depend on 
£j). Since then /J. u (j) = ±1 this is a contradiction. Thus no edge is comparable 
with £ u and not with £ u -i- This means that all internal vertices of S u have valency 
2, moreover all edges £j with £ u -< £j -< l u -\ appear with coefficient ±<5 u _i ± Sj, 



coming from a u ^\5 u —\ and from ±Sj£j/j, u (j) (see formulas p6[)-p7[)) we thus must 
have that this sum equals zero. 



Now, in case 2) if we start from u € A U C (see Remark 5.11 ) this implies that 
it is not possible that j £ B since the sum of these two coefficients is odd and so 
it is not zero, so the segment S u is all formed by elements in A U C. If we start 
from u 6 B it is not possible that j E A U C since again ±<J u _i ± Sj is odd, so the 
segment S u is all formed by elements in B. 

Finally in case 1) with an extra edge E it is not possible that E is in between 
£u-ii£u otherwise E would appear and only in a u -i- Hence the value of £ of the 
relation would be ±2. 

6.4.2. Contribution of L equals to ±25 u e u ±i. We say that u is of type II. We thus 



have, from (36) or (37), a relation expressing ±28 u e u ±i as linear combination of 



the edges L ^ £ u -i, £ u - Now these edges are linearly independent so such an 



THE ENERGY GRAPH OF THE NON LINEAR SCHRODINGER EQUATION 



31 



expression if it exists it is unique. Let us assume for instance that the relation 
expresses 2e„_i, the other case is identical. 

In order to understand which elements appear in C u , first remark that the only 
edges that may contribute to the expression of C u are those for which £ u -< £j. 
If £j is not comparable with £ u -i they contribute by ±Sj. If £ u -< ij ~< £u-i 
they contribute by ±5j ± 6 u -%. Finally if l u -i -< £j they contribute by 0,±2<5j by 
Corollary |6.4| 

Case 1A (single loop) no extra edge: such a relation does not exist. For 
instance if 2e u _i is a linear combination . Cj£j of the edges £j ^ £ u ~i, £u since 
e u -\ only appears in £ u -2 with sign —1 we must have that c u _2 = —2 and then 
2e„_2 is a linear combination J2j c j^j °f the edges £j ^ £ u -2,£ u -ii &m continuing 
by induction we reach a contradiction. 

Case IB (single loop) an extra edge: we may assume that the extra edge 
E = -dei — eh, this edge divides the loop into two parts A, B. The edges in 
A := {li, . . . , £h-i} and E form an odd loop as well as the edges in B and E. We 
may assume for instance that h < u is an index in B. We know that, for an odd 
loop, we can write 2e\ uniquely as the sum of the edges of the odd loop A, E and 
then we write 2e„_i = ± ^k^k ± 2ei, let us call 1Z' this relation. The edges 

appearing in the relation are all the edges of A, E with coefficient ±1 and all the 
edges £k, h < k < u — 2 with coefficients ±2. This relation must be proportional 



to either (36) or (37 1. Notice that E appears in this relation with coefficient ±1. 

This is possible if and only if E -< t u -i- Moreover we know that all the edges 
in A appear with coefficient ±1 hence by Corollary |6.4| it follows that they must 
be comparable with £ u but not with £ u -\. Finally for the edges in B we have that 
the £k with h < k < u — 2 are comparable with £ u and, since they appear with 
coefficient ±2 in 1Z' , we must have either £k -< £ u -i or £ u -\ -< £k- All the others 
are not comparable with l u . 

Denote by Ta and Tg the two minimal trees generated by A, B respectively. 
We have: 



Corollary 6.5. 1) If the indices of A and B are all of type I then either Ta 
and Tb form two disjoint segments separated by E, or the edges in AU B form 
a segment, the extra edge is outside this segment so the graph is not minimal 
degenerate. 

2) If there is an index in B (resp. in A) of type II, the two minimal trees 
Ta and Tb generated by A, B respectively are segments and can intersect only in 
a vertex or in the edge E. If they intersect in a vertex then all v € A (resp. all 
v £ B) have type I and the vertex is an end point of E. 



Proof. 1) In this case we know that all the segments S u for u non critical are 
segments which do not contain E and with the interior vertices of valency 2. By 
a simple induction we have that U u£ aS u and U v ^bS u are segments which do not 
contain E and with the interior vertices of valency 2 (cf. Lemma 5.12 1. If these 
two segments have an edge in common then, by the same Lemma, their union is a 
segment not containing E and thus this segment gives a minimal degenerate graph 
and the one we started from is not minimal. The same happens if they meet in an 
end point of both. The only remaining case is that Ta and Tb form two disjoint 
segments separated by E. 
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2) We have just seen that all the edges in A lie in branches originating from 
vertices of the segment S u different from the last vertex of l u —\. On the other 
hand the edges in B are in S u and possibly in the other branches originating from 
the end points of S u . This implies that the two trees Ta and Tb can only have an 
intersection inside S u . 

Take any non critical index v E A, if v is of type I the segment S v is either 
disjoint from S u or it may intersect S u in a vertex, since S v has the interior 
vertices of valency 2 and it cannot overlap with S u otherwise one or both of its 
ending edges, both in A would also be in S u which on the contrary is all formed 
by edges in B. If v is of type II we can apply the same analysis to v and deduce 
that the segment S v intersects S u in the edge E. 

If all indices in A are of type I by the previous analysis the tree they generate 
can meet S u (and also Tb) only in one vertex so they lie in a single branch. 
Applying Lemma |i5.12| it follows that the tree Ta is a segment and it intersects S u 
in a vertex. 

Now suppose that this vertex v is not an end point of E. Call S the segment 
from v to E. If tj G S we must have that if j is not a critical index 1, ft it must 
be of type I (otherwise we could not have that the edges in A follow tj ) and thus 
lj-x € S. Also £j + i E S otherwise it should be of type II but then we have 
again that the vertex v is outside the segment S^+i, by induction we arrive at a 
contradiction t u E S. 

As for Tb we have now proved that it is formed only by the edges in B and by 
E. By induction we see that Tb — U a< =BS a and in fact it is a segment. In fact 
let T B := U/ l <j<i<feS'i, assume T l B is a segment and consider T B +1 = T B U Sj+i. 
By induction and construction these two segments intersect at least in the edge 
£i. If at least one of the two is only formed from indices of type I we see again by 
induction that its interior vertices have valency 2 and by Lemma |5.12| we have that 
their union is a segment. If i + 1 is of type II as well as one of the indices j with 
h < j < i we have that T B contains E. By the previous analysis it follows that 
inside the segment T B and S^+i all interior vertices have valency 2 hence again 
Lemma |5.12| applies. 

□ 

Case 2 A doubly odd loop is divided in 3 (or 2) parts: the two odd loops 
A, C and the segment B (possibly empty) joining them. We divide this into two 
subcases: 

Assume first u E A (the case u E C is similar) we have ±25 u e u ±i a 
linear combination of the edges in B, C with coefficient 6i (or all —Si) equal to 2ei 



plus, (cf. Formula (22)), 2J^~, Si£i = —28 u -2B u -\ — 2ei from which we have the 
required expression for — 2e M _i, similarly for — 2e u +i. This is the unique expression 
1Z' as linear combination of the linearly independent edges £j ^ £ u -ii At- 



As before this relation must be proportional to either (361 or (37 1. Inspecting 
these relations we first observe that, if j E B.C the edge tj must have coefficient 
±Sj. By corollary 6.4 if l u ~\ -< £j we have that fJ, u (j) = ±2 hence by inspection 



we deduce that l u -\ -/< tj- 

If l u -< tj -< l u -x the coefficient of tj in the two possible relations comes from 
two terms, a term ±5j coming from the first two summands (since in this case 
= ±1), and a term ±5„_i from a u _i, hence no index in B or C can appear 
in a u _i by parity. Since these edges appear in the relation TZ' we deduce that all 
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ij , j £ B U C are in branches which originate from internal vertices of S u . Inside 
the segment S u there are only edges of A. If we are in the case L — ±25 u e u _i 
all edges tj with t u -\ -< tj appear with coefficient ±25 j hence they are in the set 
i £ A, i < u — 2. The remaining edges ti in A with i > u do not appear hence they 
cither satisfy t u -< ti -< £ u -i or are not comparable with £ u . Similar discussion for 
L = ±2S u e u+ i. A similar consideration holds if it G C. 

Assume u £ B If u £ B the contribution of L is ±4e u ±i. The two cases 
are similar. 

i) If the contribution is ±4e u _i, this comes from a sum 2 X^ieA ^« = ^^ei plus 
2 Ejes, jKu-zWj = ±4[e„_i ±ei]. 

ii) The contribution ±4e n+ i, comes from the sum 2^\ gC <5j^ = ±4e& plus a 
sum of 2^ ieBj i > u+1 Sjlj = ±4[e u+1 ± e,J. 



This formula for L must coincide with that given by (36) or (37 1. 

We claim that there is no edge tj with £ u -< tj and tj is not comparable with 
£„_!• Indeed this edge would have /i u (j) = ±1 and would not appear in a u _ 1 . 
This is incompatible with the fact that the coefficient must be ±26 j. Thus we 
deduce that all internal vertices of the segment S u have valency 2. 

Finally if t u -< tj -< £ u _i we have that the coefficient of ^ in the relation 



associated to Formulas (36) or (37) is ±5j ± 5 u ~i- Note that u £ B is not critical 
and hence £ B so <5 u _i = ±2. If j e A U C we have that this number is 

odd so it cannot be one of the coefficients appearing in the relation i) or ii). In 
case i) finally we deduce that if j £ A we have t u -i ~< tj while all the j £ C lie in 
the branches of the tree from the root different from the one containing t u . 

Corollary 6.6. 1) The edges in B always form a segment, its internal vertices 
have valency 2. 

2) Ij there is an index of type II in B all edges in A and all edges in C are 
separated and lie in the two segments originating from the two end points of S u . 

3) If there is an index of type II in A (or C ) all edges in A and all edges in C 
are separated and lie in two segments which can be disjoint or meet in one vertex. 

4) If all indices are of type I then either all edges in A and all edges in C are 
separated and lie in the two segments originating from the two end points of S u . 
or the edges of AU C form a segment. 



Proof. I) The proof is similar to that of Corollary 6.5 We already know that, if 
j £ B is of type I inside the segment S u there are only edges tj with j £ B and 
its internal vertices have valency 2, we have proved this now also for type II. The 
claim follows from Lemma [5.121 

2) Assume there is an index u £ B of type II with contribution ±4e u _i. 
Analyzing the corresponding relation we have then that all edges £j with i < u — 2 
and all edges in C precede t u , all edges in A follow t u -\. 

Finally if t u -i -< tj then tj appears in the relation so since in the relation 
appear either all the edges in C and none of the edges in A or conversely we must 
have that these two blocks lie in the two branches originating from the two end 
points of S u . 

3) Assume there is an index of type II in A, we then have seen that Tc is 
formed by branches originating from interior points of S u . Now if u £ C is of type 
I the segment S u cannot contain edges in A otherwise it would contain interior 
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vertices of valency > 2. If u € C is of type II the segment S u does not contain 
edges in A by the previous argument. 

4) If all indices are of type I we have seen that all segments S u for u e A U C 
are formed by edges in A U C and their interior vertices have valency 2. Finally 
the statement that we have segments follows from Lemma 5.12 as in Corollary 

EH □ 



6.6.1. All indices are of type I, L = 0. We have already seen (Case 1) that the 
case of the single loop and all indices are of type I is not possible. Let us thus 
treat the special case when we are in the doubly odd loop and still all indices of 
A U C arc of type I or when just the indices of A are of type I but we know that 
they form a segment. 

If neither Sa, Sb-, Sc contains a critical vertex we have seen that the graph 
spanned by A U C is a segment as well as Sb and we have. 

(38) a ) v w . 

In this segment we take as root one on its end points and denote by <Xj, \ the 
corresponding values of color and orientation (with respect to this root). Recall 
that the notation <7j, A^ is relative to the segment S u as in the previous discussion 
(see formula (31 )). In the next Lemma we analyze the 9 cases in which L = 0. 

Lemma 6.7. We claim that every edge dj, j G A (resp. j £ C) has the property 
that Sj — 5a j if red and Sj = if black for 5 — 8\di (resp. 5 = 5h<?h where h 

is the minimal element in C ). 

Proof. By induction 8 u -\ = 5a u -x if red and 5 u -\ = 5\ u -ia u -i if black. 
Look at S u . If l u -i,l u are both red cr M _i = 1, (Case 1)) 

5 U = —8 u -x = —5a u -i = Sa u a u -i = 5a u 

If iu-i is red and £ u is black we are in Cases 3), 6) and we have cr„_i = A u , 5 U — 
S u ^i = 8a u -i. We also have <t u _i = -a u ~ia u if £„_i -< t u and cr u _i = u u -\d u if 

_ I —5a u X u = Sa u X u t u ~\<^u 
\8o u \ u — 6a u X u l u <£u-\ 

If i u -i is black and t u is red we are in Cases 7), 10) and we have cr u _i = \ u -i- If 
-< iu w e have A„_iA u _i = -l,a u -i = a u a u -i 

S u = —S u -i = —5a u -xA v -i = —5a u cr u -i\ u -i — —Sd- u A u -i\ u -i = Sa u . 

If l u < l u -\ we have A«_iA„_i = 1, = -a u a u -i 

6 U = —5 u -i = — 6a u -±X u -i — 5a u cr u -iX u -i — Sa u A u -iA u -i = 6a u . 

If £ u -i,£ u are both black we are in Cases 11), 14), 16), 17) and we have cr u _i = 
A u A u _i by Corollary 6.3 If l u -\ < £ u (in the order of the total segment) we have 

Au-lAu-l = — 1, (X u _i = (T tt <7 u _i 

5 U = fiu-i = 5a u —i\u—i = 5a u a u ^iA u -i = <55- n A n _iA u _i = Sa u . 

S u = —S u -i = — (5(j. u _iA u _i = 5d u <7 u -iA u -i — 8a u A u -\A u A u -i 
Now clearly A u _iA„A u _i = A„. □ 
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Now we take the left vertex of SauC as in (38) as root, that is we consider it 



as the vertex and want to compute first the value of the other end vertex v of 



SauC and then the end vertex w of the total segment appearing in (38). Recall 
that we have an even number of red edges so that the end vertex is black, let us 
say that this vertex belongs to the last edge tj. We can compute it by using the 

If £j is red or if it is black and Aj = — 1 we have 

In all cases 



various options of formula ( 29 ) 



that the last vertex is v — bj and not a, , in the remaining case v = aj 



6.7 



we have \jO~j 



55, 



±2ef,. We thus have 
eb) but this is impossible for a black vertex 



a simple analysis shows that v = ± £^ ■ XjOjtj. By Lemma 

hence J2j£A^j®j^j ~ ±2ei and similarly ± X)jeC ^j&j^j 
that v = ±2(ei — et>) or v — ±2(ei 
which has mass 0. 

Now a similar argument on the segment Sb gives as value of Sb either ±(ei — e&) 
or —ex — e;,. 

In the first case we take as root the point v. Now the left and right hand vertices 
are a — ±(ei — e^), b — ±2(ei — eb). The relation is b = ±2a so the resonance must 
be C(b) = ±2C(a) which we see immediately is not valid. 

It remains the possibility a = —e\ — e;,, b = ±2(ei — eb), in this case fixing one 
end vertex to be the other is a + b = —e± — eb ± 2(ei — eb) which also gives a 
non allowable graph from Definition |3.13| and Proposition |3.14| 

If the edges in A form a segment and are of type I the same argument shows 
that fixing the root at one end the other end vertex is —lei for some i. We deduce 

Corollary 6.8. The case of all indices of type I does not occur or it produces a 
not-allowable graph \3A^ 

6.8.1. Indices of type II. If there is at least one index of type II the case analysis 
that we have performed shows that between two edges in A there are only edges 
in A and the edges in A form a segment, the same happens for B, C. Denoting 
Sa,Sb,Sc these segments their union is a tree, the internal vertices of Sb have 
valency 2, so their relative position a priori can be only one of the following. 



a) 



b) 



Sc 





Sc 

Sa 


Sb 







c) 



d) 



Sa 



Sa 



Sc 



Sb 



Sc 



Sb 



where if only one of Sa, Sq contains a critical vertex we have the special cases 
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b') 





Sc 


Sb 




Sa 





c) 





Sa 


Sb 




Sc 





In all these cases it is possible that the two critical vertices coincide as in 
b") 




In all these cases we may also have that B is empty so Sb does not appear. 



2) If A contains no index of type II) we apply to it Lemma 6.7 and deduce that 
the segment equals 5^2 ieA Siti = —25e\. Since the mass of a segment can only be 
0, —2 we deduce that if one extreme is set to be the other is — 2ei. 

3) is similar to 2). 

Notice that at this point we have proved for the doubly odd loop Theorem [4] in 
all cases except b), c), d), b'). Of course b) and c) are equivalent and in fact b') 
is a special case of b) . 

4) Let us treat the case in which u E A gives a contribution to L equal ±2e u _i 
(the other is similar), from our analysis in our setting all edges ij, j < u — 2 must 
be comparable with £ u . 

In all cases we have that Sa and Sc have a unique critical vertex which divides 
the segment. 

So Sa is divided into two segments, one X ending with a red vertex x the other 
Y with a black vertex y since in Sa there is an odd number of red edges which are 
distributed into the two segments. 

We choose as root the critical vertex. With this choice we denote by a, A the 
corresponding values on the edges (in order to distinguish from the ones a, A we 
have used where the root is at the beginning of S u ). 

Lemma 6.9. i) The edges in Y, X have the property that, SjCTjXj — S is constant. 

ii) 

jev 3 ev jex jex 



S = —1, x — y = — 2ei 
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Proof, i) We want to prove that on X and Y the value SjCTjAj is constant. For 
this by induction it is enough to see that the value does not change for l u ,l u —\. 
When they are not separated we can use Lemma |6.7| When separated we first 
compare the values that we call 5j when we place the root at the critical vertex 
with the values ctj when we place the root at the beginning of l u and we easily see 
that 5 u a u —i — <x u -\. In order to prove that SjajXj is constant we need to show 
that when £ u ,£ u _i are separated 

1 = 5 u -\a u ^i\ u ^i5 u d u \ u — S u -io- u -i\ u -i5 u \ u . 

We have A„_i = A M _i while A„ = -i? u Au. In other words we need 

—S u -±'d u o- u -iX u -iS u Xt l = 1. 

Since by definition <5„_ii9 n — S u we have to verify that 

— ^u-iI^uOm-iAk-iJuAu = — Ctt-lA-u-lAu = 1- 

This is in our case the content of the second part of Corollary |6.3| 
ii) By definition 

jev jeY jex jax 

hence x — y = — SJ2jeA ^j^j = ^ e i- But t](x) — —2, r)(y) = implies 6 = — 1. □ 

If we take as root the vertex x the other vertex of Sa is x + y. 
Proposition 6.10. If the graph is resonant x + y = —2ej for some j . 

Proof. We choose as root the critical vertex of Sa- We have x — y — —2e\ — 
Tlj^A^i^j- This is a linear combination of the edges outside the segment Sa 
therefore the resonance relation has the form: 

where the vertices Vi are linear combination of the edges not in A. Therefore these 
vertices have support which intersects the support of the vertices in Sa only in e\ 1 
hence we must have C{x) — C(y) = ae\ for some a. Applying the mass n we see 
that n(C(y)) = 0, n{C{x)) = -1 hence a = -1. 

We now apply the rules of the operator C to x red, y black 

-e\ = C(-2ei) = -C(-y) + C(x) + xy = -C(y) + y {2) + C(x) + xy 

and get that C{x) — C{y) = —e\ — j/ 2 ' — xy. Thus if the graph is resonant we must 
have y( 2 ^ + xy — 0. One easily verifies that j/ 2 ) is an irreducible polynomial unless 
y is of the form y — f3(ei — ej). In this case from the factorization y^ = —xy and 
the fact that rj(x) = —2 we deduce that x — — — ej. Since x — y — — 2ei we must 
have that (3 = ±1 and if /3 = 1 we have ej = ei, x + y = — 2ej. If /3 = —1 we have 
ej = ei, x + y = —2e±. □ 



We have thus verified that the graph is not-allowable by Definition |3. 13| for the 
two extremes of the segment Sa, a similar analysis would apply to Sc ■ 
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6.11. The extra edge. We treat now case 1) with an extra edge E — "de\ — 
e/j, i3 — ±1. We have the function ( such that C( e i) = 1) C(^i) = 0, an d 
((E) = 2i9. In this case the even loop is divided into two odd paths. We divide 
the indices different from the two critical indices 1, h in two blocks A — (2, . . . , h — 
1), B = (h + 1, . . . , k — 1) and argue as in the previous section. 

From Corollary |6.5| it follows that, either the extra edge is outside the segment 
spanned by the £j, this may happen if we are in a situation as (up to symmetry 
between A, B) 



a) 



b) 



Sb 



Sa 



Sb 



Sa 



In these cases the edge E can be removed and the graph is not minimal. Oth- 
erwise it could separate the two segments spanned by the two blocks A, B or it 
could appear in one or both of these segments according to the following pictures: 



c) 



Sa 



Sa 



d) 



e) 



Sa 



Sb 



Sa 



Sa 



Cases d), e) are special cases of c), and in fact follow from previous results, so 
we treat case c). 
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6.11.1. E = ex — eh is black. We look at the picture c). 

c) a 



We can fix the signs Si so that 

h-l k 

E Sjij = -ei - e h , y^Jdi = ei + e h . 

i=l i=h 

Of the two vertices y, x one is black the other is red. The same for a, b. 
Case 1: a,y black b, x red gives for the various paths: 

S l B = z + x, S° B = y, S° A = a, S\ = z + b 

2/ = E °J Vj = S Y1 Wi* x = -E- ffjVi =~E-S E S j £ i 
jes° B jes% jes B jes B 

« = E Vi = E ^ 6 = - £ - E Vi = - ^' E 

a; - y = -5 E -E = -5(ei + e h ) - e x + e h , 
b - a = -5' ^ — E = 5' (e x + e h ) - ei + e h 

for two signs <5, (5'. Applying the mass r] we see that (5 = 1, 5' = — 1 hence x — y = 
b — a = — 2ei is the relation among the vertices of the graph. By resonance 

x-y = b-a, => C(x) - C(y) = C{b) - C(a). 

We now apply the rules of the operator C to x red, y black 

-el = C(-2ei) - -C(-y) + C(x) + xy = -C(y) + y (2) + C(x) + xy 

and get that C(x) - C(y) = -e\ + j/ 2 ) + xy = -e\ + y^ + (y - 2e x )y. On the 
other hand this element is a quadratic polynomial in the elements ej appearing 
in the edges of B which must be equal by the resonance relation to a quadratic 
polynomial in the elements ej appearing in the edges of A. Now the edges of A have 
in common with the edges of B only the elements ei, e/j, so —e\ + j/ 2 ) + (y — 2e\)y 
must contain only these indices, it easily follows that if an element a, i =/= l,h 
appears in y with coefficient a we must have a = — 1, moreover if appears in y 
no ej, j ^ 1 can appear in y otherwise we have a mixed term in y 2 of type 2ejej 
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which does not cancel. Next we can only have y — e\ — in order to cancel the 
mixed term from —2eiy. 

In this case the segment from y to x has value x — (— y) = x — y + 2y = 
— 2ei + 2(ei — e^) = — 2ei and the result is proved. 

The other possibility is that y = a(e x — e h ) for some a, since y is in any case a 
sum of edges in B this is actually not possible by computing the value of Q. 

a, y red b, x black is symmetric to the previous case. 

Case 2: a, x black b, y red gives, as in the previous case, the value b — a = 
-2ei. Then: 



S B + z = x, S° B = y, S^ = a, S\- z = b 

•'• /• • e ^ • *i> shSjij 

jes B 

x -y = #E ^ + ^ = 5 ( e i + + e i - e h, 
ieB 

by mass 8 — 1 and y — x = — 2e\, we argue as before. 

6.11.2. E = —e\ — e h is red. In this case the even loop is divided into two even 
paths. We can fix the signs Si so that 

h-l k 

E<% = e i _ e h, y^Srfi = -ei + e/,. 

We still have a situation as in the previous analysis with some changes. 
Case 1: a, y black b, x red gives for the various paths: 

y = E °j Vi 6 E 'V...- E E °J /; <* E ^ 

jes° B jes° B jes B jes B 

« = E "iVi = 5 ' E Wi> b = E -J2 ^ Vi = ^ - E 

a; - y = -5 E ^ + ^ = -^( _e i + e h) - e 1 - e h , 
ieB 

- a = -<5' E S & + E = 5' (ex - e h ) -e\-e h 
ieB 

for two signs 5, 5' . Thus x — y,b — a can take the values — 2ei, — 2e^. If they take 
the same value we have x — y = b — a and we argue as in the previous section. 
Otherwise up to symmetry we may assume that x — y = — 2ei, b — a = —2eh and 
x — y = b — a + 2z is the relation among the vertices of the graph. By resonance 

x-y = b-a + 2z, => C(x) - C(y) = C(b)-C(a) + 2C(E) = C(b)-C(a)- 2e 1 e h . 

We now apply the rules of the operator C to x red, y black 

-el = C(-2ei) = -C(-y) + C(x) + xy = -C(y) + y^ + C(x) + xy 

and get that C(x) - C(y) = -e\ + y (2) + xy = -e\ + yW + (y - 2e x )y. On the 
other hand this element is a quadratic polynomial in the elements ei appearing 
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in the edges of B which must be equal by the resonance relation to a quadratic 
polynomial in the elements appearing in the edges of A. Now the edges of A have 
in common with the edges of B only the elements ei, e/j, so — e\ + y^> + (y — 2e\)y 
must contain only these indices, it easily follows that if an element a, i 7^ l,h 
appears in y with coefficient a we must have a = — 1, moreover two distinct 
elements of this type cannot appear otherwise we have a mixed term in y 2 of type 
2eiej which does not cancel. Next we can only have y = e\ — e, in order to cancel 
the mixed term from — 2e\y. 

In this case the segment from y to x has value x — (— y) = x — y + 2y = 
— 2ei + 2(ei — e^) = — 2ei and the result is proved. 

The other possibility is that y = a(ei — e ft ) for some a, this is possible only 
if a = ±1 and y = X^es B a j^j^j au edges are involved, and x = z. Then the 
segment from y to x = z = E has values E— y = — ei — e/j±(ei — e^) = — 2e\, — 2e^. 

a, y red 6, 2; black is symmetric to the previous case. 

Case 2: a, x black b, y red gives as in the previous case the value b — a = 
— 2ei, — 2e/j. Then: 

y = - J2 °j-Vj = e Sb*j^-. 

y-x = -S'Y] Sdi + E = -6(-ei + e h ) - e\ - e h e {-2ei, -2e h }. 
We argue again as before. 
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Part 2. The irreducibility Theorem 

7. The matrices 

The operator ad(N) = 2iQ under study acts on the space spanned by the 
frequency basis and here it decomposes into blocks corresponding to the connected 
components of the Cayley graph Gx restricted by Defnition 2.12 Theorem [2]). 



For each such component A we have seen that Q acts as a scalar K(a) plus a 
matrix Ca homogeneous of degree 1 in the variables £j. According to Formulas 



( 12 1, (131, (14) the entries of Ca = (c a ,b) are the following. If a € A, a = J2i a i e i S 
Z m the diagonal entry c a , a — — a(Q — — J2i a «£j- H a. £ A, a = (J2i a^e^r £ Z m r 
the diagonal entry c a , a = = J2i 

If a,b £ A are not connected by an edge c a j, = 0. If a, b £ Z m are connected 
by a black edge — ej then c a ^ = 2^/^^-, if a, & £ Z m r are connected by a 
black edge — ej then c 0j fc = —2\/£,i£,j, finally if a, 6 are connected by a red edge 
— ei — then one of them is in Z OT the other in Z m r and we have c a ,b = — 2-^/^^- 
if a e Z m , b £ Z m r and c a j, = 2y / f^ in the other case. If red edges are not 
present the matrix is symmetric. 

Notice then some rules, if b £ Z m we have C^b = Ca — finally Cat = 

-C A . 

By Lemma |2.14[ when we expand the characteristic polynomial of such a matrix 
the square roots disappear and we get a polynomial, denoted XA(t) (or sometimes 
just xa) monic in t and with coefficients polynomials in the variables £i with 
integer coefficients. Our goal is to prove that 

Theorem 5 (irreducibility theorem). If A is a non-degenerate allowable graph in 
Gx the polynomial XA(t) is irreducible as polynomial in Z[t, £]. 

We prove furthermore that the graph A is determined by xa(P)i this we call the 
separation /emma pO) 

In fact in this form the statement is not true, we need to use the fact that mass is 
conserved. This is enough for the dynamical consequences. In algebraic terms the 
conservation of mass consists in restricting to the coset of Gi (one of the connected 
components of the Cayley graph) of elements a,ar £ G, a £ Z m , 77(a) = — 1. We 
also need to use systematically Theorem [4] which tells us that we can restrict to 
those graphs in which the vertices are affinely independent. 

Remark 7.1. The hypothesis that the graph is non-degenerate is necessary. In the 
simple example of 

1.2 1.2 

> e 2 — e\ 5- 2e 2 — 2ei 

one easily verifies that the characteristic polynomial is not irreducible. 

On the other hand it is likely that the condition to be allowable is not necessary 
in order to prove irreducibility and separation. To avoid it complicates the proofs 
and, since we do not need the stronger result, we have not tried to discuss it. 



8. Irreducibility and separation 



8.1. Preliminaries. Observe first that, given g £ G, A C G we have that xa(^) 
is irreducible if and only if XAg(t) is irreducible. 
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Consider a projection 71^ : Z m X Z/(2) — > Z m_1 xi Z/(2) where we remove 
the i th coordinate 7Tj[(ai, . . . , a m ), 6] n- [(c&i, . . . , (ij, . . . a m ), 5]. Take now a set 
A C Z m x Z/(2) of vertices and consider the graph obtained from Fa by removing 
all the edges which contain i in its marking, call this new graph T l A . Even if A is 
connected this new graph T A may well not be connected. We now claim 

Proposition 8.2. If A is connected the map 7Tj, restricted to T A , is injective and 
a graph isomorphism with r^.^), a graph in Z m_1 x Z/(2). 

If A is non degenerate each connected component ofT^^A) * s non degenerate. 

Proof. We know that the mass £ = 77(a) depends only on the color of a so that 
we have = 77(a) — 77(71^(0)) and thus if a, b are black vertices (or red vertices), 
7Tj(a) = TTi(b):r](a) — 77(6) hence aj = 6j =>• a = b. Otherwise, if a is black, b 
is red then it is clearly iTi{a) ^ 7^(6) because iTi(a) is black, 7^(6) is red. If we 
decompose X — X m into the elements containing the index i and the complement 
X l m we see that iti establishes a 1-1 correspondence between X % m and X m _\ from 
which the second claim since 7r^ is a group homomorphism. The third claim follows 
easily from the definitions. □ 

A simple corollary of this proposition is that. 

Corollary 8.3. // we set £j = in the matrix Ca we have the matrix C^.^a), 
hence 

Xa(«)|&=o = Xir«(A)(<) 
Let Bx, . ..,-Bfe be the connected components ofn^A). We have 
k 

i=i 

As a consequence, we have the following inductive step. 

Corollary 8.4. Assume that A is non degenerate and that we have already proved 
the irreducibility theorem for m — 1 or for n < \A\. We deduce that the factors 
XBjit) of XTTi(A){t) are the irreducible monic factors of XA(t)\(_ i= o- 

We want to prove Theorem [T] by induction as follows. We assume irreducibility 
and separation in dimension n — 1 and prove first the separation in dimension n 
and finally irreducibility in dimension n. 

Take a connected A and let £ be the mass of a black vertex of A, then the mass 
of a red vertex is — 2 — £. 

Lemma 8.5 (Parity test). i) If we compute t at a number g ^ £ mod (2), 

we have XA^g) 7^ 0. 

ii) If a linear form /; + y\- 0^, G Z divides XA(t) we must have = £ 

mod (2). 

Proof, i) The matrix Ca modulo 2 is diagonal and XA(t) — IL(^+ a i(£)) mod (2). 
If we compute modulo 2 and set all & = 1, we get XA{t) — (t + £) rn mod (2), 
hence X a(<?) = (9 + £) m = 9 + £ mod (2). 

ii) A linear form t + X]i a i£i: e Z divides XAif) if and only if we have 
Xa{~ 53j a id) = 0, then set £j = 1 and use the first part. □ 



We shall use the parity test as follows. 
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Lemma 8.6. Suppose we have a connected set A in Z m , in which we find a vertex 
a and an index, say 1, so that the graph V a has the following properties: 



l.h 



X,k 

l hi 



we have: 

• 1 appears in all and only the edges having a as vertex. 

• When we remove a ( and the edges meeting a) we have a connected graph 
A with at least 2 vertices. 

• When we remove the edges associated to any index, the factors described 
in Corollary \8.3\ are irreducible. 

Then the polynomial XA(t) is irreducible. 

Proof. We take a as root, and translate the set A so that a = 0. Setting £i = 



we have by Corollary 8.3 and the hypotheses, that XA(t) = t P(t) with P — XA(t) 
irreducible of degree > 1. Thus, if the polynomial XA(t) factors, then it must 
factor into a linear t — times an irreducible polynomial of degree > 1. 

Moreover modulo £i = we have that and I coincide, thus L(£) is a multiple 
of 6- 

Take another index i ^ 1, h if a is an end and the only edge from a is marked 
(l,h) otherwise just different from 1 and set & = 0. Now the polynomial XA{t) 
specializes to the product Yij XAj (t) where the Aj are the connected components 
of the graph obtained from A by removing all edges in which i appears as marking. 
By hypothesis {a} is not one of the Aj. 

If no factor is linear we are done. Otherwise there is an isolated vertex d =/= a 
so that {d} is one of the connected components Aj . The linear factor associated 
is t + c£(£)|f i= o. Clearly we have that the coefficient of £i in is ±1 (since 
the marking 1 appears only once). This implies that L(£) = ±£i and this is not 
possible by the parity test. □ 



9. The separation lemma 

Given a connected graph G C Gx consider tG — {(—a, —6)\(a, 5) £ G}. 

Remark 9.1. tG is a connected graph, if and only if G contains only black edges. 

Proof. The connected components of the Cayley graph are the cosets G2U, u £ G. 
If there exists a red edge (— e, — Bj,r) connecting two elements a, b £ G then 
ba^ 1 — (— — e.j,r) =>■ r6(ra) _1 = (e^ + ej,r) ^ G%. rb,ra are not in the same 
connected component of the Cayley graph. Instead 6a _1 = ej — Cj =>• T6(ra) _1 = 
ej — ej, ra, t6 are connected by a black edge marked j, i in tG. □ 

Lemma 9.2. (Separation lemma) Given two connected non-degenerate allowable 
graphs G 1 ,G 2 C G x if Xd = Xg 2 , then G i = G 2 or G x = tG 2 - 
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If we take G C G 1 , then G is of mass —1 we have that tG is of mass 1, we 
deduce that a connected color marked graph G of mass -1 can be recovered from 
its characteristic polynomial. 

Proof. We will prove this lemma by induction. When n = : Xg(*) = t + a , it is 
easy to see that G = {(a, +)} or G = {(—a, — )}. 

Induction process: n > 1. Suppose that we have the separation and the irre- 
ducibility for graphs of dimensions k < n — 1. Take a connected colored marked 
graph G = {(v\,5i), . . . , (v n+ \, S m )}, (u,, Si) e Z m xi Z/(2), the associated matrix 
Cg and its characteristic polynomial xg- 

Associate to G the list L of vectors Wi :— SiVi, we see that these vectors arc 
afhnely independent. If the Wi have all the same mass then the graph G has only 
black edges and then it is either the graph with vertices Wi or with vertices tw, as 
seen before, if they have different masses then the masses are of type k for black 
vertices and k + 2 for red and the graph G is thus reconstructed from L 

Therefore we need to show that, from the characteristic polynomial, we can 
recover the list L := {w\, . . . , w n }. Before starting the proof let us make a useful 
remark, the characteristic polynomial gives as information the trace of the matrix 
Cq and thus in particular the sum Y^7=i w i(0 an d the mass s :— Y^?=i v{ w i)- If 
we have a elements in the list of mass k and (n — a) of mass k + 2 we have that 
s = nk + 2b = n(k + 2) — 2(n — b). Thus if we know that a certain number h is 
the mass of a vertex we can deduce 

Lemma 9.3. If s — nh then all vertices in G have the same color. If nh < s then 
h is the mass of the black vertices and there are b red vertices where s — nh + 2b. 
Similarly if nh > s then h is the mass of the red vertices and there are b red 
vertices where s = nh — 2(n — b). 

We set one of the variables = for instance £i = 0. We know that the matrix 
Cq specializes to the direct sum of the matrices where the Gi correspond to 
the various connected components of the graph G which are obtained by removing 
all edges in which 1 appears as marking and dropping in each component the first 
coordinate of the various vertices. We have that specializing £i = we specialize 
the polynomial \g to \\i XGi ■ Since we are assuming irreducibility in dimensions 
less than n — 1 the factors Xd & re a h irreducible and thus can be determined by 
the unique factorization of polynomials. Therefore all the vectors of 7r 1 (L), that 
is the Wi with the first coordinate removed can be recovered uniquely (up to the 
sign) by induction and we obtain a list of n vectors L 1 : {(*, bi, c^_i, c mj i)}. 
Now we set another variable, say £2 = 0. By similar arguments as above all the 
Wi with the second coordinate removed can be recovered by induction giving a list 
L 2 : {(a,,*,c 3ii ,...,c mi i)}. 

Now our problem is this: if we know the vectors obtained from L after removing 
the first or the second coordinate can we recover the given vectors? We shall need 
to perform a case analysis. 

1) Recovering the list L: 

We thus consider the vectors L 12 obtained from L by dropping the first two 
coordinates (*, *, C3, c m ) and collect the ones where C3, . . . , c TO are fixed. The 
first remark is that, if in this list a given vector (*, *, C3, c m ) appears only once 
then we know exactly from which vector it comes from the two lists L 1 ,L 2 and so 
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we can reconstruct the vector v in L from which it arises. Then by Lemma |9.3| we 
can determine if in the graph all vertices have the same color or, if this is not the 
case, which is the mass of the black end red vertices and how many there are. 

Next since the vectors in the graph, by assumption, are affinely independent, 
we have at most 3 vectors in L, giving the same vector (*, *, C3, c m ) in L 1,2 since 
4 of such vectors lie in a 2-dimensional plane so they are not affinely independent. 

a) Assume we have 3 vectors 1)1,1)2,1)3 £ L giving the same vector c = 
(*, *, C3, c m ) in L 1,2 and let c = 77(c). We claim that 1)1,1)2,1)3 cannot have 
the same color, in fact this would imply that they have the same mass and then 
they lie in a line and cannot be affinely independent. Let then 01,02,03 resp. 
b\, &2> 63 be the first, resp. second coordinates of these vectors (deduced from the 
two lists I/ 1 ,!/ 2 ) we need to be able to reconstruct the 3 vectors Vi,V2,v 3 £ L 
by matching the a, with the bj. First observe that we know the total mass m of 
Vi, V2, 1)3. This is to = 3fc + 2 or m = 3fc + 4 depending if we have two or 1 black 
vertices among 1)1,1)2,1)3. Since 3k + 2 is congruent to 2 modulo 3 while 3fc + 4 is 
congruent to 1 modulo 3, we can deduce both k and the number of black vertices 
from to. 

Call I := k — c, now consider one of the vectors in L 1 , start from (ai, *,c), if 
there is no bi with ai + bi = I then there must necessarily be one, say 61 with 
a\ + b\ = 1 + 2 and then (ai,*,c) comes from the red vector (ai,6i,c). Similarly 
if there is no bi with a± + b, t =1 + 2 then there must necessarily be one, say 61 
with ai + b\ = I and then (ai, *,c) comes from the black vector (ai, b\, c). In this 
case we can easily see how to match the other two vectors, in case the other two 
vectors have the same color we must match them so that 02 + bi = I' , 03 + bj = V 
where V = I if the color is black and I + 2 if red. We claim that only one match 
is possible, in fact if we had 02 + 63 = 03 + 62 = «2 + 62 = U3 + 63 we would have 
that the two vectors V2,vs coincide. 

Suppose now we know that the two colors are distinct, then as before, if there 
is no bj , j = 2, 3 such that a 2 + bj = I we know that there is one, say &2 f° r which 
0-2 + b2 = I + 2 and we have reconstructed the two vectors (02,62,5), (03,63,0). 
Finally it is possible that 63 = 62 + 2 and 02 + 62 = I then we have 03 + 63 = 1 + 2 
which implies 03 = 02 = a and again we reconstruct the two vectors (actually by 



Definition 3.13 this is not allowed). 

It remains to analyze the case in which none of the Oj satisfies the condition 
that it cannot be paired uniquely. 

So let us assume that, up to reordering 61 is maximum. There is one cij which 
must be paired with 61 and we are assuming that it can also be paired with another 
bi giving a different color. We must necessarily have that the value of this a», which 
we may assume reordering to be ai is a\ = I + 2 — b±, we have recovered a red 
vector (ai,6i,c). The rest of the analysis follows as before. 

b) There are in L 1 ' 2 only 2 vectors of the form (*, *, C3, c m ) with C3,...,c m 
fixed. For simplicity we denote c := (c 3 , .., c m ) and their sum by c. We know then 
two vectors in L 1 - 2 of the form (ai, *,c), (02, *, c) and two vectors in L 2 of the form 
(*, 61, c), (*, 62, c) which specialize in L 1 ' 2 to the given vectors. 

A priori in L we can either have (a±, b±, c), (02, 62, c) or (a±, 62, c), (02, 61, c). 
The first pair gives two vertices of the same color if and only if a\ +b\ =02 + 62, 
similarly for the second. If we have a\ + 61 = a 2 + 6 2 , aj + 62 = a 2 + 61 we deduce 
that ai = d2, &i = 6 2 and this is impossible since it implies that in L we have two 
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equal vectors, therefore in at least one of the two pairs we have different colors. 
We may thus assume (changing the indices if necessary) that a\ + b 2 = a 2 + b\ + 2, 
this implies a\ — a 2 = &i — b 2 + 2. Write a% + b\ = a 2 + b 2 + x, x € (—2, 0, 2) and 
thus 2{b\ — b 2 ) = x — 2. If x = —2 we have b\ — b 2 = —2, a\ = a 2 and we argue as 
before, this case is impossible. 

If x — 2 we have b\ = b 2 = b,a% =a 2 +2 = a + 2 we have in the possible list 
of vectors (a + 2, b, c), (a, b,c). We know that this list is not allowed by Definition 
|3.13| Assume that x = thus b — b\, b 2 = 6 + 1, a = a<z, a% = a + 1 we have the two 
possibilities 1) (a + 1, b, c), (a, b + 1, c) or 2) (a + 1, 6 + 1, c), (a, 6, c). In this case 
both cases are a priori possible, in fact if the graph were just a single edge marked 
ei — e 2 or — ei — e 2 the two cases cannot be recovered by the two specializations 
but only from the full characteristic polynomial. 



(e2,- 



G 2 



(0,+) 



L (-ei - e 2 ,-) , 



(39) 



-6 



Gf?, — 



-6 

The characteristic polynomials are distinct: 



t 2 + (ei + e2)t-3e!6, 



(6 +6)^ + 466 



but the two specializations coincide. 

So we need a deeper analysis. First let us assume that we know if all the vectors 
have the same mass or we know the mass of black and red vertices. 

If we know that all vertices have the same mass then case 2) is excluded. Sup- 
pose then that we know the mass k of a black vertex. 

If case 1) holds we must have that a + b + c is either k — 1 or k + 1, if case 2) 
holds we must have that a + b + c = k. Thus we can determine in which case we 
are. 

The other possibility is that we do not have the previous information but by 
the previous analysis this means that in the list L > each vector appears twice. If 
the list consists of just two vectors we can conclude by the explicit formulas of the 
characteristic polynomial. 

Assume we have at least two pairs one Ui,u 2 giving (*,*,c) the other i>i,v 2 
giving (*,*,ci). In each case we know that the two vertices are connected cither 
by the edge e\ — e 2 or by —e\ — e 2 . We deduce that the only possibility at this 
point is that there are only two such lists so L has 4 elements and we must have 
both edges ei — e 2 and — e\ — e 2 . 

The two edges involve two disjoint pairs of vertices so that the graph must be 
of the form 

±(ei-e 2 ) I -ei-e 2 , 



if I does not contain any of the indices 1, 2 or possibly of the form 
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if I contains one of the indices 1,2. The edge I can have either color (which 
determines the color of the further edge). 

In particular the graph has either 3 black and one red vertex or 3 red and one 
black vertex so either s — 4k + 6 = 4(fc + 1) + 2 or s = 4fe + 2. 

This gives two possible values for the mass of black vertices, k or k + 1. Finally 
specializing to = where i ^ 1,2 appears in £ and to £i = (or £2 = 0) if 
1 resp. 2 does not appear in I we see that of the 4 vectors in L 1 ' 2 at least one 
appears only once and we are back in the previous case which we have treated. 

□ 

10. Irreducibility theorem 

We prove Theorem [5] by induction. Assume the separation and irreducibility in 
all dimensions less than n, we will prove the irreducibility in dimension n. Since 
this property is invariant under translation we often choose a vertex as the root 
and assume that it corresponds to 0. We thus always deal with combinatorial 
graphs and we may identify the black vertices as elements a in Z m with 77(a) = 



and the red vertices as elements a in Z m with 77(a) = —2 (Remark 2.10). 

Therefore from now on we assume that G is a combinatorial graph with n + 1 
vertices and T a maximal tree in G with n linearly independent edges. 

Lemma 10.1. We have one of the following possibilities: 
i) We have n indices all with multiplicity 2. 

ii) We have at least two indices with multiplicity 1 in distinct edges. 
Hi) We have two indices with multiplicity 1 in the same edge the remaining 
with multiplicity 2. 

iv) We have one index with multiplicity 1 one with multiplicity 3 and the 
remaining with multiplicity 2. 

Proof. We must have at least n distinct indices appearing in the edges, otherwise 
these edges span a subspace of dimension less than n. In total on the n edges 
of T appear In indices counted with multiplicity. If every index appears with 
multiplicity > 2 we must have n indices all with multiplicity 2. 

If we have at least 3 indices of multiplicity 1 we are in case ii), if we have 
only two indices of multiplicity 1 in the same edge, the remaining indices satisfy 
property i) for the remaining n — 1 edges. Assume finally that only one index 
appears with multiplicity 1. Of the remaining k > n— 1 indices appearing assume 
a have multiplicity > 3 and 6 multiplicity 2 hence 

a + b > n- 1,3a + 26 < 2n- 1 =>■ b>n-2 

we deduce that a = 1 and the multiplicity is 3, we are in the last case. 

□ 

We thus have to treat 4 cases. 

Remark 10.2. • Dash lines mean that they may be black or red. 

• Black edges are denoted by single lines, red edges-by double lines. 

• A denotes the completed graph obtained from the graph A. 

Sometimes given a combinatorial graph G by a block A of G we mean a connected 
complete subgraph A of G. If A is a block in a maximal tree T of G the completion 
A is a block in G. By abuse of notation we denote by Xa(^) ■— Xa(*) to be the 
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characteristic polynomial of the matrix associated to A. We now fix a maximal 
tree in G. 

Lemma 10.3. If in T there are two blocks A, B and two indices i, j such that: 
i) i,j do not appear in the edges of the blocks A,B. 

a) 

(40) xa - Xb modulo & = ^ = 0, 

then \B\ = \A\ = 1, A = {(a, oi)}, B = {(b, cr 2 )}, a,b E Z m and b = £ + a 2 a x a. 
Where £ = + njCj,ni + rij = — 1 + OiO\. 

Assume that i,j appear at most twice in the tree then if <7 2 (7i = 1 we may have 
£ = ±(e, — ej), ±2(ej — Bj). If 0-20- 1 = —1 we may have £ = — a — ej, — 2ei, — 2ej. 

Proof. Since the degree of the characteristic polynomial is the number of vertices 
by assumption \B\ = \A\. Choose the root in A. This gives to each vertex v a sign 
a v . Let A = {(a 1; ax), (a r , ay)}; B = {(&i, 5±), (b r , S r )}, then to these graphs 
we associate as in S|9]the list L of vectors Vh = o-^ah and Wh = Shbh- Since i,j do 
not appear in A (resp. B), the vectors Vh have the same i-th and j-th coordinates 
and we can write Vh = Vh + a, similarly for B the vectors Wh = Wh + b where a, b are 
linear combinations of e^, ej and Vh, Wh are linear combinations of the e s , s ^ i,j. 

The list of vectors Vh is the one associated to the graph A once we set equal 
to the elements , ej hence it is the list of vectors associated to the poly- 
nomial 1^=^=0 similarly uih is the one associated to XB\(,i=£,j=o- Hence by 
the separation lemma up to reordering we may assume that Vh = uih hence 
Vh = Wh + c, c = a — b = HiCi + UjBj. 

Clearly if r > 1 we have that w r — w\ — v± + v r so that the vectors (vh, Wk) are 
not afnnely independent contrary to the hypotheses. 

We have thus proved that \B\ = \A\ = 1 hence A — {(a,<7i)}, B = {(b, (72)} 
and finally b — rijej + njej + oio-\a- Of course + rijBj is the value up to sign 
of the path joining a, b. If Gio~\ — 1 we have 77(a) = 77(6) hence £ = n(ei — ej) 
if both indices i,j cannot appear more than twice in the path we have \n\ < 2. 
If CT2CT1 = —1 we have n(a + b) = —2 hence £ = net — {11 + 2)ej. A similar case 
analysis gives the possibilities £ = — — ej, — 1e^, —2ej if both indices i,j cannot 
appear more than twice in the path. □ 

Corollary 10.4. Under the assumptions of Lemma \10.3\ the number of edges in 
the path from a to b in which appears any marking h ^ i,j must be even. The 
parity of the number of edges in which appears i equals the parity of the number 
of edges in which appears j. 

In a maximal tree T in a graph T consider an edge £ containing the indices i, j. 
Denote by A, B the two connected components obtained by removing £ from T. 

Lemma 10.5. Assume that the two connected components A,B do not have the 
index i in any edge. Then any other edge in T connecting A, B must contain the 
index i. 

Proof. In a path which is a circuit you cannot have that an index appears only 
once (or even an odd number of times). □ 

We now consider two edges £\, £2 containing the indices i, h and i, k respectively. 
When we remove these edges in T we have 3 connected components in T 

A h h . B bK C 
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in the complete graph T once we remove all the edges containing i the graph B is 
a connected component. Then we may either have other 2 components A, C or a 
connected component A U C. We shall use this fact systematically as follows. By 
induction in the first case we have Xg(£)|£*=o = Xa(^)Xb(^)xc(^) modulo £; = 
is a factorization into irreducible factors, in the second case a factorization into 
irreducible factors is Xc(t) — X~aJc^)Xb{^) modulo & = 0. 

Hence if G is not irreducible in the second case it can only factor into two 
irreducible factors xg{ 1 ) = UV with U = %.§(*)> ^ — Xauc(^) modulo £j = 0, 
in the first case we may have either a factorization into 3 irreducible factors 
Xo(f) = UVW with U £* XA{t),V = X5(t)>W = XcW modulo & = or 3 
possible factorizations into 2 irreducible factors. 

10.6. Indices appearing once. 

Lemma 10.7. If there exists a pair of indices, say such that 1 appears only 

once in the maximal tree T and T has the form: 



A- - -B 
Figure 1 



where i ^ h, and i appears only in the block B. Then xg is irreducible. 

Proof. Let the root be in A. Since 1 appears only once in T, every edge in G that 
connects A and B must have 1 in the indexing. We have: 

(41) xg = XAXB modulo £i = 0. 

By the previous discussion if xg is not irreducible, it must factor into two irre- 
ducible polynomials: xg — UV such that U = XX modulo £i = 0. 

Let Bi, ...,B S be the connected components obtained from B by deleting all the 
edges which have i in the indexing, B\ be the component that is connected with 
A. We have: 

(42) xg = XmJb\Xb 2 --Xb s modulo & = 0. 

Remark that deg(U) = \A\ < deg(x AuBl ) — \A\ + \Bi\. U = xa 1S irreducible 
modulo = £j = 0, then U must be irreducible modulo £j — 0. Hence 

(43) U = xb modulo ^ = for some j € {2, s} 



From U = XA modulo = and (43) we deduce XA — XSj modulo = ^, = 0. 



So, by lemma 10.3 \A\ = \Bj\ = 1. Let A = {a}. Then by lemma 8.6 for the 



vertex a and the index 1, xg is irreducible. □ 

Corollary 10.8. If there are two indices which appear only once and not in the 

same edge in the maximal tree then xg is irreducible. 

We have thus treated one of the 4 cases of Lemma 110. 11 

Lemma 10.9. If there exists a pair of indices, say (l,i), such that 1 appears only 
once in the maximal tree T while i appears twice and T has the form: 
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A-^-B---C-*-D 



Figure 2 



then either xg is irreducible or \A\ — \C\ — 1 or \B\ = \D\ = 1. 

Proof. We have xg — X aub X cud modulo ft = so if xg is not irreducible it has 
a factor U = X aub m °dulo ft = 0. This implies U = XaXb m °dulo ft = ft = 0. 
Now xg - XaudXbuc or Xg = XaXdXbUc modulo ft = and inspecting the 
two factorizations the claim follows from Lemma 110.31 □ 

10.10. Two indices appear only once and in the same edge. Let these two 
indices be 1, 2. If there exists another index, say 3, which appears only once, then 
we can replace 2 by 3 and we are back in the case of Corollary |10.8| Otherwise 
by Lemma [TOT] we have exactly n— 1 distinct indices different from 1, 2 and they 
appear twice. Take one of these indices, say 3. If we cannot apply lemma 10.7| we 
must be in the case, in which the maximal tree T has the form 



A- 3 - k -B-^-C- 3 - h -D 



Figure 3 

where the indices 1 and 3 do not appear elsewhere in the tree. By inspection of 
figure g all ed ges in G which connect A and C contain 1,3 in the indexing, all 
edges in G which connect B and D contain 1,3 in the indexing. Then we have: 

(44) xg - Xaub XcUd modulo & = 0. 

(45) xg = XA XbucXd or X g = XaUdXbUc modulo £ 3 = 0. 

The second case holds when A, D are joined by some edge which does not contain 



3. From (44 1 we see that if xg is not irreducible, then it has an irreducible 



factor U — XmJb mod. £i = which implies U = XaXes modulo £i = £3 = 0. 



Comparing ( 44 ) and ( 45 ) taking into account the degree and using the irreducibility 
of XAi X~Bi Xd modulo £1 — £3 — we get the following possibilities 

(46) U = XAXD-, XaUd> XbUc modulo £3 = 0. 



In the first two cases of ( 46 1 we have 

u - XaXb - XAXD modulo & =6 = 

which implies 

(47) Xb=Xd modulo ft = & = 



Hence by lemma 10.3 we must have: B = {b}, D = {d}. But the index 2 appears 



only once in the path from b to d contradicting Corollary |10.4| 



In the last case of ( 46 ) we have 



U = XaXb - XbXc modulo ft = 6 = 
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which implies 

(48) xa = Xc modulo 6=6 = 

We arrive at the same conclusions. 

10.11. Only the index 1 appears once in the tree. From Lemma f 1 . 1 1 there 
is only one index, say 3, which appears three times. All other indices, different 
from 1, 3, appear twice. We need to distinguish two subcases: 

10.11.1. When 1, 3 appear together in one edge. If T has the form as in figure Q 



then, by lemma 10.7 xg is irreducible 



A-^-B-'-'-C-'-'-D 



Figure 4 

Therefore, assume that T has the form as in figure ^ 



a-^-b-^-C-^-d 



Figure 5 



We start the discussion as in the previous paragraph 

(49) xg - XaUbXcUd modulo 6 = 0. 

(50) xg = Xa XbUcXd or Xg = XaUdXbUc modulo 6 = 0. 

The second case holds when A, D are joined by some edge which does not contain 



2. From (49) we see that if xg is n ot irreducible, then it must factor into two 



irreducible polynomials: xg — UV, U = X aub modulo £i = implies U = XaX~b 



modulo ^1=^2 = 0. Comparing (49) and (50) taking into account the degree and 
using the irreducibility of XAtXbtXd modulo £i = £2 = we get the following 
possibilities 

(51) U = XAXD-, XaUd> Xbuc modulo ^ 2 = 0. 



In the first two cases of (51 ) we have 



u - XaXb - XaXd modulo & = ^ 2 

which implies 

(52) XB = XD modulo 6=6=0 



In the last case of (51 ) we have 

U - XaXb - XbXc modulo 6=6=0 

which implies 

(53) xa - Xc modulo 6=6 = 
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By symmetry we need to consider only case (53 1. By lemma 10.3| we get \A\ = 
|C| = 1, A = {0}, C = {c},c = T„ iei+ „ 2e2 (0). By inspection of Figure ^ m,n 2 € 
{±1}. 

(54) 77(c) e {0, -2} =► c = ±(ei - e 2 ), -ej - e 2 

We have thus proved: 

Lemma 10.12. Either \A\ = \C\ = 1 and there is an edge marked (1,2) that 
connects A = and c = C. Or the same statement for B,D. Moreover, all 
indices, different from 1, 2 must appear an even number of times in every path 
from to c (resp. b,d). 

Assume A = 0, C = c, consider the index k\. 

i) If k\ 7^ 3, then k\ must appear once more in the block B like: 



0. 
I 

2,fei I 
I 

Bi 



ki ,s 



2,1 



Bo 



2,fc 2 



1,3 



D 



Now we can apply 10.7 to the pair (1, k\) and get the irreducibility of \G- 
ii) So we can assume that k\ = 3, consider the index fc 2 . 





i s 

2,3 I 
I 

B 



2,1 

\ 



2,k 2 



1,3 



D 



A) If k 2 7^ 3, then either fc 2 appears in the block D as in figure ([7]), and then 
by lemma 10.7 for the pair (1, fo), Xg is irreducible; or it appears in the block B 
as in figure ([6j). 





2,3 1 X x 

£>1 C -L> 

I fc 2 ,s 
I 

B 2 



Figure 6 





2,3 



2A 



\ 2,fc 2 

B 2 - - : -c - - -£>i - - -D 2 



Figure 7 
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In the case of figure ^ we can apply Lemma 10.12 for 1, k%. Since |0 U B\\ > 1 
the only possibility is that B 2 = b 2 and there exists an edge with the marking 
(1, k 2 ) that connects c and b 2 . 

Now we claim that we must have s = 3 in fact s must appear an even number 
of times in both paths from 0, c and from b 2l c, this is possible only for s = 3. 



2,3 



2,1 



Bi 



\ 2,k 2 

- c D 



fc 2 ,3 



k 2 ,l 



We now remove the two edges marked 1, 3 and k 2 , 3. In the resulting maximal tree 
3 appears once and we can apply Lemma 10.7 to the pair (3, k 2 ), xg is irreducible. 

B) If k 2 = 3 and \B\ > 1. Let i be an index that appears in B. If i appears 
twice in B, then, by lemma 10.7 we get the irreducibility of xg- Otherwise, i 
appears in this form: 



2-3 D 1,3 2,3 „ i'.m „ 
0---- B. c - — .'-—A— — ' ft 



1.2 



i.h ! 



B, 



Figure 8 



This case is excluded by Lemma 10.12 for the pair 1, i. The case 



D\ > 1 is 
= \D\ = 1. 



treated similarly. So now we have to consider only the case, when \B 

C) k 2 — 3, \B\ = \D\ = 1. Up to symmetry, we have 4 subcases, displayed in 
figures 
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b 




d 



Figure 9 

b 




Figure 10 




Figure 11 




Figure 12 



By using the program Mathematica we have verified that the characteristic 
polynomials of these graphs are irreducible. 

10.12.1. When 1, 3 do not appear together in any edge: We have three possible 



cases (given in figures (13 1, (14), (15)) 



1) When T up to symmetry has the form as in figure (13) 



Figure 13 
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where 3 appears only in the block B then, by lemma 10.7 for the pair (1, 3), xg 
is irreducible. 



2) When T up to symmetry has the form as in figure (14): 



Figure 14 



We have 



(55) 



modulo £i = 0, xg — XaTJbXcUdue 



(56) 



modulo £ 3 =0, xg — 



XaXbUcXdXe 
XaudXbucXe 
XaudXbucue 
. XaXtjXbucue 



Arguing as in previous cases, if xg factors then we can factor it as UV with 



U^—o — X aub - Analyzing the possible values of J7{ 3 =o we have, comparing (55) 
and (56) and setting £i = £3 = 0, the following possibilities: 



(57) U 

mod £3 = 



Xbuc => XA=Xc mod. 6=6 = 

Xaud or XaXd Xb = Xd mod. 6=6 = 

XaXe Xb - Xe mod - 6=6 = 

J Xa - Xd, Xb - Xe mod - 6=6 = 
[Xa- Xe,Xb = Xd mod - 6=6 = 



XdXe 



It is enough to exclude the first 3 cases of (57). 

Case 1 If xa = Xc modulo 6=6 = 0, by lemma 10.3 and by inspection we 
deduce that A = {0},C = {c} and c = ±(ej — e 3 ), —e\ — e 3 . Hence there is an 
edge marked 1, 3 that connects and c. We can then replace the maximal tree T 
with the one in which we keep this edge and remove the one marked 1,2 and we 
find ourselves in the case treated in the previous paragraph. 

Case 2 If xs — XD modulo 6=6 = 0, then, by lemma 10.3 B = {b}, D = 
{d} and 2 should appear an even number of times between them, again a contra- 
diction (we are in the case fc 2 = 2). 

Case 3 If Xb — Xe modulo 6=6 = 0, then, by lemma 10.3 and choosing 
the root at B we have B = {0}, E = {e} we have the same contradiction as in the 
previous case. 



3) When T has the form: 
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.1 :; A n 12 c 3 > ks e 



D 



Figure 15 



(58) 



XG 







XaubX cudue modulo 
From (58) we see that if \G is not irreducible, then \G — UV, where U,V are 
irreducible, U = X aub modulo £i 



(59) 



0. 



modulo 6=0, XG = < 



As for f/ it may be congruent modulo £3 



U - XaXb modulo £1 = £ 3 

XAXbucXdXe 
XaudXbucXe 
XaueXbucXd 
Xa XbucXdue 
^XaudueXbuc 
to 



0. 



Xbuc> XauD' XauE' 

XaXJ)j XaXe~> X~dX~ei XaJJdue 
giving the following subcases: 1) \c - XA, 2 ) XS = X5i 3) xs - Xe, 4 ) XS - 
XdUe modulo £1 = £3 = 0. The fourth case can be excluded by cardinality. We 
treat the other 3 cases. 



1) 



Xc\ 



^3=0 



XAi by Lemma 10.3 A — {0},C = {c}, and c = ±(ei 



63),— ei — 63. Hence there is an edge marked 1,3 that connects and c. We 
can then replace the maximal tree T with the one in which we keep this edge 
and remove the one marked 1,2 and we find ourselves in the case treated in the 
previous paragraph. 

2) xs — Xd modulo £1 = £3 = by lemma 10.3 ==$■ \B\ = 
{b}, D = {d} and <Jdd + <Jbb — ±(ei 



\D\ = 1,B = 



■ 63), —e\ — e 3 . Hence there is an edge marked 
1, 3 that connects b and d. We can then replace the maximal tree T with the one 
in which we keep this edge and remove the one marked 1, 2 and we find ourselves 
in the case treated in the previous paragraph. 

3) Xb — Xe modulo £1 = £3 = is similar to case 2), changing the role of &2 
and £3. 

10.13. Every index appears twice in the tree. 
Lemma 10.14. If xg * s n °t irreducible the graph is a tree. 

Proof. Assume there is a an edge marked i,j in the graph and not in the tree, 
then a segment in the tree together with this edge form a dependent circuit, thus 
we can remove an edge marked a, b in this segment and add the edge i,j in order 
to obtain another maximal tree. Clearly in a circuit there is at least an edge such 
that the indices i,j are distinct fro the indices a, b. This means that in the new 
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maximal tree one of the indices i, j appears with multiplicity 1 and we are back 
to a previous case. □ 

From now on we thus assume that the graph is a tree T. We start with some 
special cases: 

10.14.1. n = 2. 

T : — ei - e 2 - >■ e\ — e?. 

is not allowable (but its characteristic polynomial is irreducible). 



10.14.2. n = 3. Up to symmetry of the indices T has the form as in figure ( 16 ) or 



as in figure ( 17 1 



1,2 , 2.3 1,3 

— - — b — - — c — - — d 



Figure 16 



1,2 , 2,3 

0---6---C 
i 

I 1,3 

d 



Figure 17 



Remark 10.15. If all edges in T are black, or there are exactly two red edges then 
the edges are linearly dependent. 



1) When the graph T has the form as in figure (16) a) If all edges are red, 
then G = T is not a tree: 




Figure 18 



We need to consider the cases, when in T there is one red and two black edges. 
Up to symmetry we may assume the red edge is the first or the second. 

b) When the red edge connects and b: 
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bl) When T has the form: 



1,2 , 2,3 1.3 
O^^b U-c — d 

We have 

6 = —e\ — e 2 , c — b = e 2 — e 3 => c = — ei — e 2 . 
Hence G = f is not a tree. 
b2) If T has the form: 

1,2 , 2,3 1,3 
O^^b-^ C — -^d 

We have b — c = e\ — €3, d — c = e\ — e 3 =>■ d — b = e\ — e%, i. e. in G there is a 
black edge marked (1, 2) that connects b and d. Hence G — T is not a tree. 

b3) If T has the form: 

1,2 , 2.3 1,3 
O^^b-^ — c-^ — d 



Xt = dct 



/ t 2V66 
■2^66 i + 6 + 6 


V 







2V66 






2^66 * + 6 + 26 - £3 2 % /66 

2^66 « + 26 + 26 - 26 J 



By using the program Mathematica we computed \t and verified that it is irre- 
ducible. 

c) When the red edge connects b and c: 
cl) If T has the form: 

c d 

we have 6 + c = — e 2 — 63, c — d = e\ — e 3 =>■ 6 + d = — e\ — e 2 , i. e. there is a 
red edge marked (1,2) that connects b and d. Hence G = T is not a tree. 

c2) If T has the form 

> 6 c a 

we have 6 = ei — e 2 ,6 + c = — e 2 — e 3 ==> c = ei — e 3 , i. e. there is a black edge 
marked (1,3) that connects and c. Hence G = T is not a tree. 
c3) If T has the form: 



n 1 ' 2 t, 2 ' 3 1 > 3 j 
< c > d 



we have 



Xt = det 



/ t -2V66 

-2V66 i-6+6 2V66 

-2V66 t-6 + 26 + 6 2^66 

V 2v^6 t- 26 + 26 + 26 / 

We used the program Mathematica to compute \t and to verify that it is irre- 
ducible. 



2) When T has the form as in figure (17 1 



a) When in T there are 3 red edges, then G = T has the form: 



GO 



M. PROCESI*, C. PROCESI**, AND NGUYEN BICH VAN***. 




Figure 19 



This figure can be obtained from figure (11) by exchanging the role of indices 
(i. e. the role of variables ^1,^2,^3)- Hence \t is irreducible, 
b) When in T there is only one red edge, by the symmetry property of T we may 
suppose that this red edge connects and b. 

bl) If T has the form: 



0: 



2.3 



1,3 



in G there is a red edge marked (1,3) that connects and c. Hence G = T is not 
a tree. 

b2) If T has the form: 



„ 1.2 , 2,3 
O^^b — ■ — c 



1.3 



we have b = —e± — e2, d — b — e\ — e% =>■ d = — e2 — e$, hence in G there is a red 
edge marked (2, 3) that connects and d. Hence G = T is not a tree. 
b3) If T has the form: 

1,2 2,3 



0: 



1.3 



we have b — c = e^ — e3,b — d ~ e\~ =>■ d — c = 62 — e\ , hence there is a black 
edge marked (2, 1) that connects c and d. Hence G = T is not a tree. 

10.16. n > 4. At this point we are assuming that we have n > 4 edges in a 
maximal tree T and n indices, each appearing twice. Thus given an index, say 1, 
it appears in two edges paired with at most two other indices, thus we can find 
another index, say 2 which is not in these two edges. Up to symmetry we may 



have six cases displayed in figures (20)- -(25) 
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D 

I 

l,i I 

A-^-B-^-C-^-E 



Figure 20 



A^.B-^-C-^-D-^-E 



Figure 21 



D 
I 

2,i I 



Figure 22 



C 

i 

2,» I 
l,h 1 l,fe 

A- - -B- - -E 
i 

I2,j 



Figure 23 



Figure 24 
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,1 '•* b " c 21 n 2 ,: 



Figure 25 



When we put £i = or £ 2 — we have 3 connected components in the graph, 
so by induction we deduce that, if the characteristic polynomial is not irreducible 
it can factor in at most 3 factors. We will perform a case analysis in order to 
produce two pairs of disjoint blocks which give under specialization £i = £2 = 
the same characteristic polynomials and we apply Lemma |10.3| In this way we 



will prove the irreducibility of xt hi each case, displayed in figures ( 20 )-( 25 ) 



10.16.1. Figure (20) 



D 

1 

l,i I 

,1 " n 2 - k c 1: 



We have 

(60) xt = XaXbucueXd mod. £ x =0, xt — XaubXcudXe mod. £ 2 = 0, 

Suppose that xt is not irreducible, then there is an irreducible factor U congruent 
to either xa or xd or finally xaXd modulo £1 = 0. 

Then U is congruent to xe ° r Xaub or xcud modulo £ 2 = 0. 

We now specialize £1 = £2 = and apply Lemma |10.3| and we have several 
possibilities of two blocks giving the same characteristic polynomial. Of these 
possibilities some are excluded by the parity condition of the indices 1,2 in the 
path joining them. 

We then see that we are left with the ones listed which all produce an extra 
edge contradicting the assumption that G — T is a tree. 

D d 

1 1,2 / ] 

l,i I I l,i 



2,fc I 2j" l,h 



I 



B---C---E A - - - b C E 

\ I 2,fe 2,j 



\ 
l,h 



I 1. 
I 





' \ 1,2 
l,tl N 



□ 
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10.16.2. Figure (21) 



A ■ 



l,h 



B 



2,k 



c 



D 



E 



(61) xt = XaXbucudXe mod. 6 =0, xt = XAubXcXdue mod. 6 = 

Suppose that xt is not irreducible, then there is an irreducible factor U such that 
E/ is congruent, modulo 6 = to xa or xe or finally xaXtj- 

Then U is congruent, modulo £2 = to either xc or Xaub ° r Xt>u£- We 
reason as in previous cases, specializing 6 = 6 = we deduce that there are four 



possible applications of Lemma 10.3 for the blocks A, E and the blocks C, B, D. 
We exclude those for which an index 1,2 in the path connecting them occurs only 
once and the other or 2. We then are left with the cases: 

(62) xa = Xc, Xc = Xe, mod 6=6 = 

By symmetry we need to consider only the first. 



Assume thus that xa — Xc modulo 6=6 = 0, by lemma 10.3 we have |C| = 
\A\ = 1, C = {c}, A = {0}, c = T± ei ± e2 (0) , c = ±(ei — e%), —e\ — e 2 . Hence there 
is an edge marked (1,2) connecting and c. 





/ I 

I 1,2 



x 2,fc I 2,i 1,7 

B - - -c- - - D - - - E 



and G = T is not a tree. 



□ 



10.16.3. figwe (23) 



C 



2.i 



A 



l,h 



B 



l.k 



E 



2,3 



D 

We have: 

(63) xt = XaXcubudXe mod. 6 = 0, 



XT = XaubueXcXd mod. 6 = 0. 



If xt is not irreducible by considering a suitable irreducible factor U and by a 
simple analysis we get the following subcases: 

Xa = Xc, XA = Xd, Xe = Xd, Xe = Xc mod. 6=6 = 0. 



By the symmetry of the tree in figure ( 23 ), we need consider only the first case. We 
get easily by lemma 10.3 \A\ = \C\ = I, A = {0}, C = {c}, c = ±(ei — e 2 ), — e\ — e 2 . 



So 0, c are connected by an edge and G = T is not a tree. 
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E 



l.k 

l,h 1 2,7" 
_ _ _ B - - - 



D 



10.16.4. Figure (22) 



D 



a 



2,i I 

,1 " II U C ' I, 



We have: 

(64) Xr|e 1= o = XaXbXcudue mod. £i =0, \t = XAubucXdXe mod. £> = 0, 

Suppose that \t is not irreducible. The usual reasoning gives an irreducible factor 
U so that U = Xa,Xb,XaXb modulo = 0. 

We may have U = Xd,Xe, XdXe,Xdue modulo ^ 2 = 0. 

Arguing as in the previous case we only have the possibility 

Xb=Xd, Xb=Xe modulo 6=6=0. 

By symmetry we need to consider only the first case. We get by lemma |10.3| 
B = {b}. D = {d}, and d, b are joined by an edge ±(ei — e-i), —e\ — e 2 . 



l.k 



I 2,i 
I 

c 



2 -J 



E 



and G — T is not a tree. 



□ 



10.16.5. Figure (|24j) , (|25j) . We treat these two cases together. 

l.h 2,k „ l,i 2,7 

I) A---B---C---D---E 

l.h l.k „ 2,i 2,1 

II) A---B---C---D---E 

Proof. I) We have: 

(65) xt = XaXbucXdue mod. 6 =0, \t = XaubXcudXe mod. 6 = 0. 



Inspecting (65), by a simple analysis we get the following possibilities: 
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If \T is not irreducible it has a factor U congruent, modulo 6 = to i) xa or 
h) Xbuc ° r Xdue- If U = xa modulo 6 — we must have U = x,e modulo 6 = 
and 

(66) xa = Xe mod. 6=6 = 0. 

Otherwise we have that U is congruent to xaub or xcud modulo 6 = 0. 

(67) xa = Xc, Xc = Xe, Xb = Xd, Xd = XA, Xe = Xb mod. 6=6= 0. 

The last two can be excluded by parity of occurrences of 1,2 in their path. The 
first two are symmetric. Therefore we are left to consider three cases xa — Xe, 
Xa = Xc, Xb = Xd- 

If we are in case xa — Xc, Xb — Xd by lemma 10.3| we get \A\ = \C\ = 1, A = 
{0},C = {c} (resp. \B\ = \C\ = 1,A = {b},C = {c}) are joined by an edge 
±(ei — ez), —ex — e 2 and G = T is not a tree. 

If we have xa — Xe always by lemma [Io3 we get |A| =\E\ = 1,A = {0}, i? = 
{e}, e € {±2(ei - e 2 ), -2e 1; -2e 2 }. 

l.h 2.fc „ 1,< 2,7 

(68) I) 0---B---C---D---e 
II) 

(69) xt = XaXbXcudue mod. 6 =0, Xt = XaubucXdXe mod. 6 = 0, 

If xt is not irreducible, one easily sees that there is a factor U congruent modulo 
6 = to xa or xb or finally xaXb- Then J7 modulo 6 = is congruent either to 
Xd or xe or xdXe- Applying Lemma 10.3 a priori there are 4 possibilities that a 
block A, B specializes to a block D, E, but in that Lemma we also have the parity 
of 1,2 in a path joining the two blocks must be the same hence we only have two 
cases. 

i) X B = Xd modulo 6=6 = 0, and \B\ = \D\ = 1,B = {&}, D = {d}, and d, b 
are joined by an edge ±(ei — e 2 ), — e± — e 2 . In this case we contradict the fact that 
G = T is a tree. 

h) XA = Xe modulo 6=6 = and \A\ = \E\ = 1,A = {0},E = {e}. By 
inspection since e/Owe must have e = ±(2ei — 2e 2 ), — 2ei, — 2e 2 . All indices in 
the path from to e appear twice. 

(70) 71) o 1 r, ,J c I) 11 f 



We now have to exclude in both cases the second possibility ( 68 ) , ( 70 1 . 
I) Start from the first case. If k — h we have 

l.h „ 2.h „ l.i „ 2.1 

0---B---C---D---e 

If i j we must have that i appears in one of the blocks B, C, D. For instance if 
i is in D we have 

l.h „ 2,h „ l.i „ s,i „ 2,j 



66 



M. PROCESI*, C. PROCESI**, AND NGUYEN BICH VAN***. 



we apply the previous analysis to the pair h, i and deduce that \D 2 U e| = 1 a 
contradiction. 

D' 



l.h 2,h „ l.i 1 2,j 

0---B---C---D---e 



is like Picture (20 1 for indices 2, i 



The other cases are similar to this or to the previous case of ( 24 ) . If i = j we 
have 

l.h 2.h „ l.i 2,i 

0---B---C---D---e. 

We apply the previous analysis to the pair h, i deducing e = ±2(ej — e^),— 2ej, — 2e/j 
clearly a contradiction since we already have e = ±(2ei — 2e2), — 2ei, — 2e2- 

li k h consider the positions of k. If k E B U C 

i,h „ s.fc „ i,fe „ 2,1 „ 2,7 
0---B 1 ---B 2 ---C r ---D---e 

l,ft l,fc s ,fc 2,i 2j 

B Ci G2 U e 

by the previous discussion applied to k, 2 we have that |0U Bi| = 1 or |0 \JB\ = 1 
a contradiction. If k G D 

i,h „ l.fc „ 2,i „ s.fe „ 2,1 
0---B---C---L' 1 --- J D2---e 



we are in the previous case of (24) for the indices k, 2 deducing |0 U B\ = 1 again 
a contradiction. 

II). We now finish the second case. If k = h we have 

l./i „ l./i „ 2/i „ 2,1 

0---B---C--- J D---e 

we are in the same situation but for the pair h, 2. We deduce that e = — 2e2- Now 
if i = j we are in the same situation for the pair h,j (or and deduce that 
e = ±2(ei — ej), —2e\, —2ej a contradiction. If i ^ j we must have that i appears 
in one of the blocks B,C,D. For instance if i is in D we have 

l.h „ l,h „ 2,i „ s,i „ 2,1 

0---B---C---D 1 ---D 2 ---e 
we apply the previous analysis to the pair l,i and deduce that ID2 U el = 1 a 



contradiction. The other cases are similar to this or to the previous case of (24 1. 
If k 7^ h consider the positions of k. If k € B U C 

u ' 1 n 2 , ! c 11 n Ij < 
' " b {J - u - 62 2 ' i) ' 1J v 

we apply the previous discussion to k, 2 and have that |0 U B±\ = 1 or |0 U B\ = 1 
a contradiction. If k € D 

l.h l.fc „ 2,i s.fc 2,j 

- - - B - - - C - - - Di - - - D 2 - - - e 



we are in the previous case of ( 24 1 for the indices k, 2 and again have |0 U B\ = 1 



a contradiction. □ 
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